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1. Introduction

Let A := (ap)n>0 be a sequence of complex numbers. For any integer r > 0, we set A =
(@n++)n>o0. By convention, A© = A The Hankel transform of the sequence A" is the sequence of the
so-called shifted Hankel determinants Ho(A"), Hy(A(M), ..., (see [7]) given by

Hy (A7) = det[arsirr]] - (11)

Note that these are determinants of (n 4+ 1) x (n + 1) matrices.
Since the 19th century, the evaluation of Hankel determinants has attracted attention as one of the
most interesting topics in the framework of the moment theory and orthogonal polynomials. In the
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literature (see [5,6]), several techniques for the evaluation of many classes of Hankel determinants are
described. One also can find there an extensive bibliography on the subject.

The aim of our contribution is focused on the evaluation of the Hankel determinants with a certain
class of monic polynomials as entries. The basic idea of this work comes from [11], where the author
evaluates the Hankel determinant associated with the Catalan numbers by applying the technique of
y-operator on the Hankel determinant associated with a particular sequence of monic polynomials
satisfying a two-term recurrence relation. For more information on the technique of y-operator, see
[11,12].

We derive an explicit formula for this class of Hankel determinants using another approach based
on some elementary properties of determinants and the theory of orthogonal polynomials.

2. Preliminaries

Let IP be the linear space of polynomials in one variable with complex coefficients and I’ its dual
space. We denote by (%, p) the action of # € " onp € P and by (%), := (#%,x"),n > 0, the
sequence of moments of % withrespect to the polynomial sequence {x" },>¢. Let us define the following
operations in IP’. For linear functionals % and ¥, any polynomial ¢, and any (a, b, ¢) € C* x C?, let
Dw =", qu,(x —c) Yu, v_y%, ha%, and % ¥ be the linear functionals defined by duality (see
[3,8,9])

<%/7 p> = _<%’ p/>7
(qu,p) == (%, qp),

<@—01%m%=¢%&m=<

(t—p%, p) := (%, wp) = (%, p(x — b)),
(ha% , p) := (%, hap) = (%, f(ax)),
(%v,p) .= (%, Vp), peP,
where the right-multiplication of 7 by a polynomial p is a polynomial given by

xp(x) —yp(y)
wmww=<n,, peP.
X—y
Notice that deg(7p) = degp if and only if (7)o # 0.
We can associate with the sequence A = (a,)n>0 a unique linear functional % € P’ by setting
(Z)n=an, n=0. (21)
The linear functional % is said to be quasi-definite if H,(A) # O for every integer n > 0, [3]. In this
case, there exists a unique sequence of monic polynomials (SMP) (Pp)n>o0, i.e., Pn(x) = x"4 lower
degree terms, such that

X—cC

v p(x) —p(6)>7

(i) (#,x"Py) =0,v=0,1,...,n—1.
(ii) (2, x"Py) # 0.

(Pn)n>0 is said to be the sequence of monic orthogonal polynomials (SMOP) with respect to % . It
is very well known that P, (x) can be represented as a determinant (see [3])

1 x ... X"
ap ai ... day
Po(x) =1, Pp(x) D" g« a >1 (2.2)
o(x) =1, X) = —— 1 a2 ... Up41 |, n = .
" Hn71(A)

apn—1 Gn ... (2pn—1
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The orthogonality of (P,)>0 can be characterized by a three-term recurrence relation (TTRR), accord-
ing to the Favard’s theorem (see [3, p. 21]),

P—](X) =07 PO(X)Zla (23)

Ppy1(x) = (x — Bn)Pn(X) — YnPn—1(x), n >0, '

where g8, € C, y, € C* for every integer n > 0, and yg = (%)o.
Furthermore, from the general theory of orthogonal polynomials (see [9])
(%, xP7) (%, P2.,)
= —, =— 71—, n=0, 2.4
Bn @, Pﬁ) Yn+1 @, P%) Z (2.4)
n Hy (A

.ty =TIm=-—% nso Haw=1 23)

v=0 B Hp—1 (A) ’

We can associate to the sequence A = (a,)n>0 a sequence of polynomials (a,(x))n>0 given by [11]

n
an(x) :== D ap_x", n=0. (2.6)

v=0
Notice that the polynomials a, (x) satisfy
a_1(x) =0, an(x) =xap—1(x) +a,, n=0. (2.7)
Thus, deg a,(x) = nif and only if ay # 0.
In this paper we investigate the Hankel transform of the sequence of polynomials (a;4r(x))n>0

where 1 is a fixed non-negative integer. Indeed, we define the sequence of determinants (Hn+r(ﬁ‘|
X))n>0, Where

Hygr (] %) := det [a11 147 ()]} _g. 1> 0. (2.8)

As a convention, for r = 0 we write Hy(A | X) = H, (’3| X).
From dp4;(0) = @n4r we get Hyyr (4] 0) = Hy (AM).
ForA =C,letC, = (zn")/(n—}- 1) denote the nth Catalan number. In [11] the y -operator technique is

introduced to obtain a differential equation satisfied by H, (C | x) and, as a consequence, the following
evaluation is proved

Hy(C | x) = Z(—U“(” + ”)x“.

V=0 n—v

In [11], it is also shown that H,(C | x) has n real simple zeros on the interval (0, 4). Furthermore,
(Hn(C | x))n>o0 is a Sturm sequence whose zeros satisfy the interlacing property. Here, we will show
that (Hp(C | x))n>0 is a SMOP with respect to a positive-definite linear functional.

When ag # 0 and the linear functional x" 1% is quasi-definite, i.e., Hy (A(r"'])) # 0, foralln > 0,
in Corollary 1 we will prove that Hy 4, (’;‘| X) is a polynomial with deg H, ¢, (’;‘| X) = n+r. Furthermore,
the sequence of monic polynomials defined by ((—1)" (agH,_1 (A(r“'l)))_lHnH(’ﬂ X))n>1 satisfies a
three-term recurrence relation. In particular, we prove that ((—1)" (agHy—1 (A"T1D)) 1 Hp4r (’;‘ | X))n>1
is a subsequence of a sequence of monic orthogonal polynomials if and only if either r = 0orr = 1.

Indeed, for r = 0 the SMP (I:In(A | X))n>o defined by I:IO(A | x) = 1and I:IH(A | x) =
(—1)™(agHp—1 (AN THu(A | x), n > 1, is a SMOP. More precisely, it is a co-recursive SMOP
with respect to the linear functional x# . On the other hand, for r = 1 the SMP (I:In (’?| X))n>0 where
Ao}l x) =1, B} x) = x + ap 'ay and Ay (}] x) = (=1)"(aoHn—1(A?) '"Hy 1 (G %), n > 1, is
also a SMOP.
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The paper is organized as follows. In Section 2, the proofs of our main results are given. We obtain
(see Theorem 3) a first evaluation of the Hankel determinants H,,(4| x) in the general setting.
From there, the evaluation of these Hankel determinants (see Corollary 1) becomes more useful and
feasible, assuming the linear functional is quasi-definite. In Section 3, we focus our attention on the
orthogonality of the polynomial sequence ((—1)"(agHn—1(A"")) "' Hy 4 (3| X))>1, where r = Oor
r = 1. Finally, some illustrative examples based on the Catalan numbers are presented.

3. Main results

Using (1.8), elementary row operations yield

ar(x) ar41(x) ... Gpyr(x)
Ar41 Qr42 o Opgr41
Hn+r(f| X)= |42 43 ... Ungrg2 |, n>1 (3.1)
Untr Ontr+1 -+« A2n4r
Expanding the above determinant by the first row, we get
n
A .
Hyr G %) = D (=1Y D1 1y (1), (32)
Jj=0

where D; , denotes the determinant of the nxn matrix obtained by deleting the jth column of the
nx(n + 1) matrix

ar+1 Ar42 -« Ongrd
Ar4+2  Gr43 ... Gngre2

, n=1. (3.3)
Antr Apr41 -+ @2npr

Notice that Dy1,r = Hp—1 (ATTD).
From (1.7) and (2.2), we get the following result.

Lemma 1. Let A = (ap)n>o be a sequence of complex numbers and let % € P’ be such that (%), = ap,
n 2 0. The following statements are equivalent.

(a) degHpir (A x) =n+r, n > 0.
(b) ag # 0 and Ho—1 (AT £ 0, n > 1.
(c) ag # 0 and x" 1o is quasi-definite.

The next lemma will play an important role in the sequel.

Lemma 2. Let A = (an)n>0 be a sequence of complex numbers and let % € P’ be such that (%), = an,
n > 0. Suppose (an(x))n>o is defined as in (1.7). Then

an(x) = (#x")(x), n>=0. (3.4)

Proof. From (1.2) and (1.7), we obtain

0 Xn+1 _yn+1 n ) n )
(Zx")x) =%y, ————— ) = Z(%)nfux = Z an—vX" = an(x), n=0.
v=0 v=0

Thus, our statement holds. [J
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As a straightforward consequence of Lemma 2 and (2.1) the following expression of the Hankel
determinants H,(?| x) holds.

Theorem 3. Let A = (ay)n>0 be asequence of complex numbers and let % € P’ be such that (%), = ap,
n > 0. For any integer r > 0, we have

Hugr (G %) = 2% Qu(x; A7), n >0, (3.5)
1 x ... X
ar41 Gr42 - .. Ondr4
where Qo(x; ATTV) =1, Qu; ATTV) = |ar2 ary3 ... G2 |, n > 1
ntr Antr4+1 -+ Q2ntr

According to (1.3),if H,—4 (A(r“)) # 0, n > 1, then the sequence of monic polynomials defined
by ((—1)"Hy—1 (AT g, (x: AUFDY), o is orthogonal with respect to the linear functional x' % .
Furthermore,
(1"

LA+
Ty @A), >0 (3.6)

Qu(x; ATHY) 1=

then, the SMOP (Q, (x; ATT1)), >0 satisfies the TTRR,

Q10 ATTY) =0, Qolx; ATTY) =1,
Qni1 (6 ATHD) = (x — V) Qn (s ATHD)— (3.7)
ATV G 1 (AT >0,

where a,(,rﬂ) e C, )\f,rﬂ) € C*, and )\gﬂ) = Qry1.
Assuming ap # 0 and Hp—1 (ATTD) # 0, n > 1, the polynomials I:In+r(’r‘| Xx), n > 1, given by

(="

ml‘]nw(ﬁ X) = aal%xrén(X; A(rH)), (3.8)
0n—1

Hnr (] %) ==
are monic and deg Hn+r(’r“| X)=n-+4r.
Under the above assumptions, we get the following:

Corollary 1. LetA = (ap)n>o be a sequence of complex numbers and let % € P’ be such that (% )y = ap,
n > 0. Suppose that ag # 0 and the linear functional X' is quasi-definite. Then the SMP (I:In+r(’;‘|
X))n>1 given by

R 4 (—1)” I+k+r n
Hpr Gl %) = =1 det Z Apkpr—vX” , nz=1,
ap det[al+k+r+1]1,k=o V=0 | ke

satisfies the following three term recurrence relation (TTRR)
H A x) =ap'wx,
A DA _
A (@10 = — o "RG0 + a5 ape, (3.9)
A ‘1 A 1 A
A1 (10 = = ad ™A G100 = M VB Glo, n>1,

where ar(fH) and k,ﬁrﬂ) are the coefficients in the TTRR for the SMOP with respect to x" 1 .
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Proof. First, we need the following formula (see [9])
(%xp)(x) = x(#p)(x) + (Y%, p(y)), pE<€P. (3.10)
From (2.7), (2.8), and (2.10) with p(x) = x"Qn(x, ATTD), we get
Hngrian (10 = & = ") Ho g G 0) = AT Va1 (0 +
ag " (%, @y, ATTY)), n > 2.

Since (Qn(x, A7)0 is a SMOP with respect to x+1%, then (y" 1%, Qu(y, A"*V)) = @, 11800,
n > 0. Therefore,

Angrn (10 = & — o)Ay GLx) = AT V1 (v, n> 2,

By adding I:Ir(’;‘| X) = aal%xr and, proceeding as above, we get I:Ir_H (f| X) = (x — ot(ng))I:Ir(ﬂ
Xx) + a0_1ar+1. O

4. Special cases and illustrative examples

From Favard’s Theorem and (2.9) , we can deduce that for r > 2 the SMP (I:I,1 (’;‘| X))n>r is NOt @
subsequence of a SMOP. Whereas for r = 0, 1 we will show that {I:In (’r‘l X)}n>r is a subsequence of a
SMOP {H (F] )}nzo0.

4.1. Evaluation ofdet[ZkaO k=X 1] ko

Let us take r = 0 in Corollary 1 and assume FIO(A | x) = 1. Then, the SMP (I:In(A | X))n>0 satisfies
the following TTRR,

. . o
'Ho(Alx) =1, @Al =x—a’ +a'a, )

Hr1A 10 = & —ai)HA | %) — MV B (A1), n>1.

So, the SMP (ﬁn (A | X))n>0 is the co-recursive of the SMOP (Qn (x, A(l)))@O, since it is generated by
the TTRR (2.7) with r = 0, where aél) is replaced by aél) — alaal. For more information, see [3,9].

Denoting by (Q,ﬁ” (x, A(l)))n>0 the first kind associated SMOP of the sequence (Qn (x, A(l)))@o that
is defined by the following TTRR (see [3])

0N AD) =0, (. AD) =1, w2
A1 1) (A 1) A(l .
O A = (x — o)A (x, AV) — 21,0 (x, AT), n >0,
we get
An(A | %) = G, AV) + @105 ' Q" (x, A), n> 0. (4.3)
From (3.3) and Corollary 1 with r = 0, the following evaluation of the Hankel determinant

I+
det[ 307 a4k x" 1] g holds.

Corollary 2. LetA = (ap)n>0 be a sequence of complex numbers and let % € P’ be such that (%), = ap,

n > 0. Assuming that ag # 0 and the linear functional x% is quasi-definite, if (Qn(x, A(l)))@o is the
corresponding SMOP, then

I+k n
det |:Z al+kvxv:| =ap(—1)" det[al+k+1]H:]0Q:(X7A(l)), nzi,
v=0 1,k=0
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where (é,;k (x, A(]))),@O is the co-recursive SMOP of the SMOP (Qn (x, A(l)))@o, given by
0 (x, AM) = Qu(x, AD) + a5 10V, (x, AD), n > 0.
As an application of the previousnresult, we will recover (see [11]) the evaluation of H,(C | x) =
det | 1% s (2|

First, let us take in Corollary 2, A = C where G, = (Znn) /(n + 1), the nth Catalan number. Notice

that (n + 2)Cp41 = (4n+2)C,, n > 0. So, the related linear functional % with (%), = C,, n > 0,
is a solution of the functional equation

x(x — %) +2(—x+ D)7 = 0. (4.4)

According to [8,10], % = h_5 o t,1j(%, —%), where J(%, —%) is the Jacobi monic linear functional

with parameters « = —f = 1/2, i.e., Chebyshev linear functional of the third kind.
In the same way, %1 := x% is monic (i.e., (%1)o = 1) and positive-definite. Indeed, according to
(3.4) 74 satisfies

(x(x — 4)2) +3(=x +2)71 = 0. (4.5)

From [10],24 = h_3 o r_lj(%, %), where J(%, %) is the Chebyshev linear functional of the second
kind.
Here, the SMOP (Q, (x, C(l)))@o with respect to % is given by

Bnx, CDY = (=2)"0), (?) o, (4.6)

where (lfln (X))n>0 is the Chebyshev SMOP of second kind.
Using the TTRR satisfied by (f]n(x))n>0 (see [10]) we get the following TTRR satisfied by

(Qn(x, €))y>0,
Q1(x, ¢y =0, Qx,cV)=1,

Qi (6, €)= (x = 20, CV) = By (x, D), n > 0. @7

From (3.7) and (1.6), we recover the well-known Hankel determinant evaluation [1,4],

det[Cris11f o =1, n>0. (4.8)
Using again (3.7) we obtain the following relation:

oM (x, cM) = Qu(x, M), nx>o. (4.9)
From Corollary 2 with A = C and by taking into account (3.6), (3.8), and (3.9) we obtain

n
det [%l‘j c,+k_ux”} = 2"{), (2 ;X) — 210, (2 ;X) . on>1. (4.10)
v=0 1,k=0

By (3.3) with A = C and (3.9), the SMOP (I:In(C | X))n>0 and (Qn(x, C(l)))@o verify the following
connection relation:

Ha(C [ %) = Qu(x, CV) + Qua (x, €V, n>0.
From (3.1) with A = C, we get the TTRR satisfied by (I:In (C | x))n>o0,

Ho(Clx) =1, Hi(C|x) =x—1,
Hnt1(C | x) = (x = 2)Hp(C | X) — Hp—1(C [ X), n > 1.
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From [10], we get I:In(C | x) = Z”jn(%' 1 1), n > 0, where (]n(x; —%, %))n>0 is the Chebyshev

) _ja 2
SMOP of the fourth kind. Hence, the following evaluation holds
I+k n
A (X —2 11
det| > G’ | =0 (S5-005) nzo (a11)
v=0 1,k=0 2 22

Notice that (I:In(C | X))n>0 is a SMOP with respect to a positive definite linear functional. Thus their
zeros satisfy the interlacing property (see [3]).

Based on some properties of the Chebyshev SMOP of the second kind (Un (x))n>0, we can prove the
following result.

Lemma 4

_ -n 1

det % Crag_vx’ = COS((”"'ZZ)Z)’ (4.12)
V=0 Jik=0 cos (E)

where x = 2(1 — cos(z)). On the other hand,

[ 1+k "

n—1
2v4+1)m
det | > Crpk—px” ==D"]] (x — 45sin? [()D n>1. (4.13)
= iico =0 n+1 2

Proof. The Chebyshev polynomials of second kind are defined by (see [2]),

Un(cos(2)) = sz(n(:l:(;))z) n>o0.

Letting x = 2(1 — cos(z)) into the right-hand side of (3.10), we get

I+k n . .
sin ((n + 1)z) — sin(nz)
det [Z C’J”“"xv} - sin(z)
v=0 1,k=0
cos ((n + %) z)
B cos (%) '
Hence (3.12) holds.
Since z, = (2;;5:1)”, v =0,1,...,n — 1, are the zeros of cos ((n + %)Z) then x, = 2(1 —
cos(%)) = 4sin? (% %) are the zeros of the polynomial Z"Un(zz;") — 2”_10,1_1(22;").

Taking into account the degree of this polynomial is n, then

. (2—X . 2—x n-l Qv+1Dx
20 (7)—2”*%_ ( ): —1)" x—4sin?| ——=2|), n>1.
"\ 2 2 ol 2n+1 2

v=0

Hence (3.13) holds. O

Furthermore, we need the following identities which can be derived in a straightforward way from
(3.11), (3.12), and (3.13).

1 n—
Jn (X_Z;_l 1)_COS((H+Z)Z)= 1—[](x—4sin2 [(Zv—kl)n})’ (4.14)

2 2°2) (_1)ncos(%) —o 2n+1 2

for any integer n > 1, where x = 2(1 — cos(2)).
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Next, we evaluate det [ Zij_:ko Crpk—vX"]} o for some special values of x.

eForx =0andz = 0in (3.12) and (3.13), we find
-1 [(Zv +1) ﬂ]

det [Ciyi]) eo = 2" [ ] sin
: 1 g 2

eForx =1andz = % in (3.12) and (3.13),

1, if n=0,5 (mod 6)

I+k n n—1 W+ D
det |:Z Cl+k—vi| = H(] — 2cos |:(2n+1):|): 0, if n=1,4 (mod 6)
Lk=0o V=0

V=0 —1, if n=2,3 (mod 6).
eForx =2andz = 7 in (3.12) and (3.13),

n

[ 14k n—1
2v —+ D n(n+1)
det z Crrk—v2” =(=2)" H cos @+ 1z =(-1 ol
v=0 v=0 2n+1
Jd1,k=0

efForx =3andz = 27” in (3.12) and (3.13),

[ 1+k an n—1
2 1
det | D Cip—3" =-=D"[] (1 + 2 cos [( s )T[})
| v=0

Jik=o V=0 2n+1

L if n=0,2 (mod 3)
| =2, if n=1 (mod 3).
eForx =4andz = m in (3.12) and (3.13),

I+k n
det [Z Cl+kv4v:| =(—-D"2n+1)

v=0 1,k=0

n—1
I] cos [(21}4—1)71} =2""/2n+1.

T onr1 2
Moreover, since (see [11]) X1_ Gy, 4" = 22"+1 — (2,1":]1), n > 0, we obtain
20+ k) +1\1]"
det [22“*")“ —( 5 , ) : )} =(=D"2n+1).
+ k+ k=0

eForx=2—+/2andz = Z in(3.12) and (3.13),

I+k n n—1
det |:Z Crk—v (2 — ﬁ)v} =-=D"[] (2 os [(Zv—i—l)n} - ﬁ)

v=0 1,k=0 v=0 2n+1
1, if n=0,7 (mod 8)
-1, if n=3,4 (mod 8)

V2—=1,if n=1,6 (mod 8)
1—4/2, if n=2,5 (mod 8).



2114 W. Chammam et al. / Linear Algebra and its Applications 436 (2012) 2105-2116

4.2. Evaluation of det[ lj':kg'l k10X 1 o
Let us take r = 1 in Corollary 1 and let us put I:IO(’H x) = 1and 28 (/1‘| X)=x+ a61a1. Then the
SMP (I:In (’;‘| X))n>o satisfies the following TTRR,

Ho(}1x) =1, Hi(}1x)=x+ay'a,

A 2 A _ A

Fa (%) = (x — o)A (4] %) + ag ' axFo (] %), (415)
A 2 A 2/\

A2 (1 %) = (x — af)Hnr 4 ) — AP H A1 %), n>1,

If the linear functional x?% is quasi-definite then a, = (x*% ), # 0. Thus, (I:In (/1‘| X))n>0 is a SMOP.
On the other hand, if we assume that the linear functionals x*%, v = 1, 2, are quasi-definite,
another expression of the Hankel determinant A, (’;‘| x) in terms of the polynomials A, (A | x) can be
evaluated. R
In this case, the corresponding SMOP (Q;, (x, A(”)))@O, v = 1, 2, satisfies the following connection
relation (see [9])

Qu41(0,AM) (1)
WQH(X,A ), n 2 0. (416)

From (2.8) withr = 1 and (3.16), we get

xXQn (%, A?) = Qi1 (x, AV) —

Ani1 (] %) = ag ' xQn(x; A®)

Qui1(0,A)
Go.am) @ VBT,

and, again, from (2.8) with r = 0, we deduce
Qnt1(0, A1)

0a(0, A1)
As a consequence of Corollary 2, (2.8), and (3.17), we get

= ay ' % Qui1 (x; AV) —

Hn1 ({1 %) = Hnya (A ] X) — A%, n>1. (417)

Corollary 3. LetA = (an)n>0 be a sequence of complex numbers and let % € P’ be such that (%), = ap,
n > 0. Suppose that ag # 0, and Ty, r=0,1,are quasi-definite linear functionals. Then, we have

I+k+1 n
det [ > a:+k+1_vx”} = Un(Hnp1 (A | X) + EHn(A | %), n>1,
v=0 1,k=0

where

Qn+1(0, A1)
0u(0,AM)
An(A | %) = Ga(x, AV) + @10y ' QL (x, AT,

P = (—1)"ag det[arriallilo. & =

and {Qn(x, A“))}n>0 is the SMOP with respect to X% .

From Corollary 3, with A = C, and using (3.11) and (3.14), we next evaluate

det[ [+k+1 1 (2(l+k+l—u)) V]n
v=0  [+k+2—v \ [H+k+1—v ,k=0"

Indeed, from (3.7) withx = 0 and using induction, it is easy to show that Q,(0, CV) = (—=1)"(n+

1), n > 0. Asaconsequence, &, = %, n > 0. On the other hand, let us remind that det[ClJrkH]?;;O
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=n+1,n > 1, (see [4]). Therefore, taking into account (3.11),

I4+-k+1 n . X—2 11
det | > Crks1-vx” =(—2)"(n+1)[21n+1( '—*s*)

v=0 1,k=0 2 22
+n+2j (x—2 1 1)} > 1 (418)
—h 2. 5)|, n=1 .
n+1"\ 2
Substituting (3.14) into (3.18), we get

k1 n
det| > Cipr—vx” =

v=0 1,k=0

(n+ 2) cos ((n+ %)Z) —(n+1)cos ((n+ ;)z)

(3) |

cos | =

2

where x = 2(1 — cos(2)).
Next, we evaluate det | ZT‘:"JI C1+1<+1—UX”]?,<=0 at the same values of x as above.
e Forx = 0andz = 0in (3.19), we get

n>1, (4.19)

det [Crriet1][ o = 1-

eForx =1andz = % in(3.19),

n—+ 2, if n=0 (mod 6)
n+1, if n=1 (mod 6)
oy ! —1 if n=2 (mod 6)
det | D Ciykg1-v )
V=0 —(n+2), if n=3 (mod 6)
—(n+1), if n=4 (mod 6)

1,k=0

1, if n=5 (mod 6).
eForx =2andz = 7 in (3.19),
Ikt " n(rt1)
det| > Crs1-02" =(-1) 2 [n+24+(D)"n+1)].
v=0 1,k=0
efForx =3andz = 27” in (3.19),
Mkt an 3n+4, if n=0 (mod3)
det Z Cl+k+1_y3v = —3n —5, if n=1 (l'TlOd 3)
L v=0 Abk=0 | q, if n=2 (mod 3).
eForx =4andz = i in (3.19),
[ I4k+1 an
det | > Crrq1—v4" = (—=1)"(4n* + 10n + 5).
L v=0 d1k=0
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Since Z'f)ﬂ) Cpp1_p4Y = 22"+3 — (Zn":;), n > 0, then

20+ k) +3\]"
det [22<’+’<>+3 —( U+ )} = (=1)™(4n* + 10n + 5).
I+k+2 1,k=0

eForx=2—+/2andz = 7 in(3.19),

n2 —+/2)+3—+/2, if n=0 (mod 8)
(V2 =1@2n+3), if n=1 (mod 8)
(2 —/2)n+3 =242, if n=2 (mod 8)
-1, if n=3 (mod 8)
—nv2 —1—=4/2, if n=4 (mod 8)
(1—+/2)2n+3), if n=5 (mod 8)
(W2 —2)n+ 242 —3, if n=6 (mod 8)
1, if n =7 (mod 8).

k41
det | D Cpy1-v(2 — V2)Y =
v=0

1,k=0
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