Sieved para-orthogonal polynomials on the unit circle*

F. Marcellan® and A. Sri Ranga’f

Instituto de Ciencias Matemdticas (ICMAT) and Departamento de Matemadticas
Universidad Carlos IIT de Madrid, 28911, Leganés, Spain

YDepartamento de Matemética Aplicada,
IBILCE, UNESP - Universidade Estadual Paulista
15054-000, Sao José do Rio Preto, SP, Brazil

April 30, 2014

Abstract

Sieved orthogonal polynomials on the unit circle were introduced independently by Ismail
and Li [14] and Marcelldn and Sansigre [17]. We look at the para-orthogonal polynomials,
chain sequences and quadrature formulas that follow from the kernel polynomials of sieved
orthogonal polynomials on the unit circle.
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1 Introduction

Given a nontrivial positive measure p(¢) = p(e?) supported on the unit circle C = {¢ = €% 0 <
0 < 27}, it is well known that the associated sequence of monic OPUC (Orthogonal Polynomials
on the Unit Circle) {S,(2)}52, can be defined by
/ ¢?9n(¢)dp(¢) = / e 78, (e”)dp(e?) =0, 0<j<n-1, n>1
C 0

Letting £,2 = [|Su|* = [-[Sa(¢)[*du(¢), the orthonormal polynomials on the unit circle are
sn(2) = knSn(2), n > 0.

OPUC were introduced by Gabor Szegé in the first half of the 20th century (see the mono-
graph [26]). Thus, they are also referred to as Szegd polynomials. These polynomials, which
have received a lot of attention in recent years (see, for example, [1, 4, 8, 7, 16, 19, 20, 21, 25, 27]),
have applications in quadrature rules, signal processing, operator and spectral theory and many
other topics.

Chapter 8 of Ismail’s recent book [13] on these polynomials and the two recent volumes
[22] and [23] by Barry Simon, specifically under the title “Orthogonal Polynomials on the Unit
Circle”, have provided us with many useful tools for further research in this area.
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The monic OPUC satisfy the so called forward and backward recurrence relations, respec-

tively,
Sn(2) = 28n-1(2) —an-15;_(2),

n>1, (1.1)
Sn(2) = (1 = |an-1]*)28n-1(2) = @n-155(2),

where a,—1 = —5,(0) and S} (2) = 2"5,(1/Z) denotes the reversed (reciprocal) polynomial of
Sp(z). Following Simon [22], we refer to the numbers «, as Verblunsky coefficients. It is known
that these coefficients are such that |a,| < 1, n > 0, as well as that OPUC and the associated
measure are completely characterized by the Verblunsky coefficients {a, }2°, as stated by the
following theorem.

Theorem A. Given an arbitrary sequence of complex numbers {apy, }02, where |ay,| <1, n >0,
then associated with this sequence there exists a unique nontrivial probability measure p on the
unit circle such that the polynomials {Sy(2)}52, generated by (1.1) are the respective OPUC.

Here, 1 is a nontrivial positive measure if its support is infinite and it is a nontrivial prob-
ability measure if 1o = [, du(¢) = 1. The above theorem, known as Favard’s theorem for the
unit circle, has been referred to as Verblunsky’s theorem in Simon [22].

Given the sequence of Verblunsky coefficients {a,}72, let @ be the associated nontrivial
probability measure and let {S,(z)}72, be the corresponding OPUC. For a positive integer ¢
the sieved OPUC {Sg) (2)}22, are defined as those orthogonal polynomials associated with the

Verblunsky coefficients {ag) o o given by

o _J 0 if (n+1)# 0 mod ¥,
“ _{ Qpyef; if (n+1)= 0 mod £, (1.2)

for n > 0. We also denote by ;9 the nontrivial probability measure on the unit circle associated
with {ozq(f) = 0

Note that {Sél)(z)}zozo are the polynomials {S,,(2)}52 . The earliest treatment of the sieved
orthogonal polynomials {Sff)(z) o0 o for £ > 2 is found in Ismail and Li [14]. However, the

sieved orthogonal polynomials {S,(f) (2)}52, have been studied earlier than [14] by Marcelldn
and Sansigre (see [17] and [18]). The following results, established in [14], will be the basic
requirement for the results obtained in the present manuscript.
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r€+j(z):szT(ze), j=0,1,....0—1, r>0, (1.3)

and ' '
dp® () = 07 du (™), 0<6 < 2m.

For the reversed polynomials S (z) there hold

S (2) = 28 (1/2) = () (1720 = Sp(e"), =0,1,..,6—1, r>0.  (14)

The aim of the present manuscript is to explore the connection between para-orthogonal
polynomials, chain sequences and quadrature formulas that follow from the kernel polynomials of
the sieved OPUC. The structure of the manuscript is as follows. In Section 2 we present a basic
background concerning para-orthogonal polynomials associated with a nontrivial probability
measure on the unit circle, the three term recurrence relation they satisfy, the representation
of the coefficients of such a recurrence relation as chain sequences and the role of zeros of
para-orthogonal polynomials in Gaussian quadrature rules on the unit circle. In Section 3, we
consider para-orthogonal polynomials associated with the sieved measure on the unit circle.



Then we obtain its corresponding three term recurrence relation as well as the chain sequences
for the coefficients of such a recurrence relation. Finally, in Section 4 we deal with the Gaussian
quadrature rules for such sieved para-orthogonal polynomials. The nodes and the corresponding
weights are deduced.

2 Para-orthogonal polynomials from kernel polynomials

Recall that the Christoffel-Darboux formula of order n associated with the sequence {Sy,(2)}5
of OPUC is such that

n

Kn(z,w) =) sj(w)s;(z) =

J=0

ms;kwrl(z) - m5n+1(2)
1—wz )

Here, s,(2) = kpSn(z) are the normalized OPUC. See, for example [22, Thm. 2.2.7], where
K, (z, w) is referred to as a CD kernel, meaning a Christoffel-Darboux kernel.
With |w| = 1, we consider the sequence {P,(w; 2)}52, of polynomials in z given by

—2 —
Kn+1 w Kn(z7 w)

Ph(w; 2) = ——= ,
( ) Spy1(w) 1+ Tnt1(w)an,

n>0

e 9

where 7, = S, (w)/S}(w), n > 0. It is easily verified that P,(w; z) is a monic polynomial of
degree n in z, which can be simply written as
1 Snt1(2) = Tas1(w) Sy 1 (2) 1

P (w; z) = P T ros (w)an == w[zSn(z) — Tn(w)Sh(2)], n>0. (2.1)

Since |w| = 1 we have |7, (w)| = 1 for n > 0. Hence, Sy11(2) — Tny1(w)Sy 1 (2) is known as
a para-orthogonal polynomial associated with S, 1. From known properties of para-orthogonal
polynomials (see [15]), Sy11(2) = Tnq1(w)S;; 1 (2) has n+41 simple zeros on the unit circle |z| = 1.
In particular, w is one of the zeros of Sy, 11(2) — Thy1(w)S); 1 (2). Consequently, the polynomial
P, (w; z) has all its n zeros simple and lying on the unit circle |z] = 1. However, none of the
zeros of P,(w; z) can be equal to the value w.

Perhaps the first reference that explicitly brings the connection between CD kernels and
para-orthogonal polynomials is Gonzélez-Vera, Santos-Leén and Njastad [11] (see also [2, Thm.
2.1]). Such results in a setting based on linear algebra and also without the use of the name para-
orthogonal appear, even earlier than [11], in Gragg [12]. However, the name para-orthogonal
polynomials for S, (z) — 7,5 (%), where |1,] = 1 and S,, are OPUC, is due to Jones, Njastad
and Thron [15]. We may refer to the polynomials (z — w)P,(w; z) as the CD kernel POPUC.

More on studies that use the connection between CD kernels and para-orthogonal polyno-
mials we refer to [3], [10] and [28]. We also cite [24], where there is a nice section on CD kernels
and para-orthogonal polynomials.

Some of the results shown recently in [7] that are relevant for the present manuscript can be
summarized as follows.

For the (special and appropriately scaled) CD kernel POPUC (z — 1)P,(1; z), given by

z2Sn(2) — TS} (2)

n — On y > s 2.2
R,(z) =0 1 n>0 (2.2)
where So(1) 5. (1) -
0 n Tn—1 — Op—1
= =1 d n — == ) Z 17
"Tesm T M TS T T naan "

1 —m10pm—1
1-— Re(Tn_lan_l)

co=1 and o, = On_1, n>1,
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the following three term recurrence formula holds.
Rui1(2) = [(1 +icpy1)z + (1 — icn+1)]Rn(z) —4dpi12Rp-1(2), n>1, (2.3)

with Ro(z) = 1 and Ri(z) = (1 + ic1)z + (1 — icq1), where the real sequences {c,}°; and
{dn+41}52 are such that

- _Im(Tn—lan—l) _ Tn — Tp—1
"l - Re(Tho10n_1) Tn + Tno1
, > >l (2.4)
d . 1 [1—’7'”_105”_1‘ ] }1—7'”()4”‘
1— - )
nE 4 [1 — Re(Tn_lan_l)] [1 — Re(Tnan)]

Moreover, {dy+1}5° , where d,,+1 = (1 — my)mp11, is a positive chain sequence with the pa-
rameter sequence {my1}o2, given by

}1—Tnan’2

1 — Re(than)]’

1

Since 0 < mp < 1, setting
2
1 ’1 — ToOto’

di=m = 2 [1—Re(roa)]’

(2.5)

then {my}>2,, with mg = 0, is the minimal parameter sequence of the positive chain sequence
{dn}22,. The sequence {m,}°°, together with the sequence {c,}7>;, can be used to charac-
terize the above measure p. For example, the associated monic OPUC {S,,(2)}52, can be given
as

Sn(2) H(l +icy) = Rp(2) —2(1 — mp)Rp—1(2), n>1,
k=1

and that the corresponding Verblunsky coefficients can be derived from

1—1c 1 1-2m, —1ic
Tn = ; z Tp—1 and op—1 = — #7 n>1,
1+ic, Tn 1+1c,
with 79 = 1. Moreover, if the maximal parameter sequence {M,}5°, of the positive chain

sequence {d, }7° ; is different from its minimal parameter sequence {m,}">,, then the measure
w1 has a positive mass (pure point) of size My at z = 1.

Observe from (2.2) that o, = [[}_; (1 4+ ick), n > 1, and that 0, /7, = 1/7,, n > 1. Thus,
we can also write

onSn(2) = Ry(2) — 2(1 — mp) Rn—1(2), > 1 (2.6)

TnonSi(2) = Rp(z) —2(1 — my)zRn—1(2),

With respect to the measure p the polynomials R, also satisfy the following so called L-
orthogonality property

LR 0= 0auc) =0, 0<i<n-1
If we also consider the polynomials @, (z), n > 0, given by

Qn+1(2) = [(1+icng1)z + (1 —icpt1)|Qn(2) — 4dny12Qn-1(2), n>1, (2.7)

with Qo(z) = 0 and Q1(z) = 2d;, where {¢,}72, and {d,}°; are as in (2.3) and (2.5), then we
can state the following lemma.



Lemma 2.1
R,(1) =2(1 = myp)Rp—1(1) = Qn(1) — 2(1 — myp)Qn—1(1) = 2"mymg---my,, n>1.
Proof. Easily verified from the three term recurrence relations for R,, and Q. n

Gaussian type quadrature rules on the unit circle are based on the zeros of POPUC. We can
derive information about the Gaussian type quadrature rule based on the zeros of (z — 1)R,,(2)
from the following results given very recently in [5].

We get
Rn(2) — Qn(2) An.0 " Ak
= J J > 1
(z = 1)Rn(2) zl+kzlzznk7 .
where z, 1, K =1,2,...,n, are the zeros of R, (2) and the quantities A, 5, K =0,1,...,n, shown
in [5] to be positive, satisfy
Qn(1) Qn(2nk)
Ano=1-— d A\g = : , k=1,2,...,n. 2.8
S Y B S A S
Moreover,
_ v %RV " >1
Zluk“f‘lz Z—l)Rn Z) O(Z )’ n— )
and

k1 Bn(2) = Qa(2) A7) g
;)“_k (- DRa(z) L") mz 1,

where pi, = [, (Fdp(¢), k= 0,+1,+2, ... .
Thus, by the same idea used by Gauss to discover the Gaussian Quadrature formulas, we
obtain the following.

Theorem 2.2 Let 2z, = elnk | =1,2,...,n, be the zeros of R, and let zn0 = 1. Then the
following quadrature formula holds.

/C (@) = 3 Aap(zap)s p=0,%1,... +n, (2.9)
k=0

where the weights A\ i, k = 0,1,...,n, are all positive and can be given in terms of {R,}52,
and {d, }5°; by

Ao = (1 —mn)2*"dydy - -~ dy,

7 B (D) [Ral1) — 201 — m) Rua (1)]
220=1 o - - - alnzz;ﬁ1

Ank = (1 = z2n )Ry (2n k) Ru1(2n k)

(2.10)

k=1,2,...n.
Proof. From the recurrence formulas for {R,(2)}>2, and {Qn(z)}7> together with the theory

of continued fractions

=(1-m )’mlll 1_”;17”2‘ ._(l_mnl—l)m”"




for n > 1, where {m,,}°° is the minimal parameter sequence of the positive chain sequence
{dn}22 . Hence, one can write (see the proof of Lemma 3.2 in [6, p. 83])

)\nozl_Qn(l) = !

’ R,(1) 1+Z mimy - - - my T (2.11)
(1 —myq) 1—m2)~-(1—mk)

which shows the positiveness of A, o. The expression for A, o in the theorem, which we use in a
latter part of this manuscript, can be obtained as follows.
From Lemma 2.1,

@n(1) _ Qn(1)—2(1 - mp)@Qn-1(1)  Qn(1)
R,(1) —2(1 —m,)Rn_1(1)  R,(1)
_ (1 - mn) [Qn(l)Rn—l(l) - Qn—l(l)Rn(l)]
[Rn(1) = 2(1 = mp)Ryp—1 (1) Ra(1)

from which using the determinant formulas

Qn(z2)Rp—1(2) = Qn-1(2)Rp(2) = 220V dy - dp2"t, m>1,

the required value for A, o follows.
Now for the expressions concerning the coefficients A, 5, & > 1, we first write (2.8) as

A _ Qn(zn,k)Rn—l<2n,k) - Qn—l(zn,k)Rn(Zn,k)
ok (1 - Zn,k)R;l(zn,k)Rn—1<zn,k) .

Thus, the determinant formula gives the required expressions for the coefficients A, ;. The
positiveness of A, ; has been shown in [5] using the expression

A = Qn(zn k)Rn 1 (zn,k> ( ) (zn,k)
TE (1 = 2pp) [R (2nk) Rn—1(2n ) R, (Znk) R (2n,1)]
This completes the proof of the Theorem. u

3 Sieved para-orthogonal polynomials

With ¢ > 2, we consider the CD kernel POPUC (z — l)Ry(f)(z) associated with the sieved OPUC
{Sy(f)(z) o » given in section 1. We have

0 ZSY(LZ) (z) — TT(LZ)S,(f)*(z)

D (2) = gl >
Rn (Z) Op 2 —1 » Nz 1’
where , , © ®
0 _ S(())(l) _ 0 _ Sr(z)(l) S e
0 F e = 1 and 7,/ = N o o " >1,
Sy (1) Sn (1) IT=myo2y
, 170 a() , (3:1)
aé) =1 and ag) = Tn (;) (1) ‘77(1217 n>1,
Re( Tn—1%~ )
As in (2.3), the polynomials {R o0 satisfy the recurrence formulas
RY (2) = [(1+ic§fll)z+(1 —ic) RO (2) — 4dP), 2R, (2), n>1, (3.2)
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with Rée)( ) =1 and R(Z)( ) =1+ ’LC( ))z +(1— z'c(lz)), where the real sequences {c% o, and
{dn+1}°° , are such that

¢ l
0 — _Im( r(L)la( )1) — Tr(t) - 77(121
n e e )
— Re( ﬁ)lai) ) ) +Tn21 n>1 (3.3)
0 (0))2 = :
W>—1 1 Irsen s P |1 — i |
nt+l ‘ DINONE
= Retrf082 )] 1~ e D)
Moreover, {dn +1}n 1, where d,(f}rl = (1- mi ))mgfil, is a positive chain sequence with the
parameter sequence {mfl}rl ° , given by
(0 _(0)2
m(g)l—} ‘1 ™ an’ n > 0.
9 1 Re(T( )a(f))} -
Setting d(g) = mgg), we can also say that {m,f ) o, With m(g) = 07 is the minimal parameter
sequence of the pOSltl‘v'e chain sequence {d )} ° , and that if {M o is the maximal parameter

sequence of {dn
measure (¢
From (1.2), since

then M(E) (if Mé ) > 0) is the mass size of the pure point at z =1 in the

nl?

Y4 y y
Oa(ﬂé)-i—j =0, 0<j<{¢—-2, and 0‘1(%)%—1 = an

for r > 0, from (3.1) we have

7'52_]_7}, 0<j<t—-1, r=>0.

Thus, from (2.2) and (3.1),

ol =0on 0<j<l-1, r>0.

Moreover, from (2.4) and (3.3),

¢ . ¢
mge)Jer =3,0<j<¢-2 and mf“é)JrZ = Mr41,
RO . 0 _
Cripjor =0, 0S5 <02, and ¢ ppy=cren,
0 _1 ) _ 1 : 0 _ 1
dréJrl 5(1 — mr), drf+j+1 = 1 1<j<{-2 and dT‘ZJrf = 2Mr+1,

for r > 0.
Using these results together with du(®(z) = £=1du(z%), we can state the following theorem.

Theorem 3.1 Let {d,} >, be a positive chain sequence with the minimal pammeter sequence

{mn}>2 and the mazimal parameter sequence {Mp}>2 . For £ > 2, set {dn o0 1 to be the
positive chain sequence with its minimal parameter sequence given by

1
mf’?-i—j—&-l 3 0<j<{l-2, and mgﬁl)e =myp1 for 7 >0.
If go = 7'My and g, = d(f)/(l — Gn—1), n > 1, then {gn}22y = {M }oo o is the mazimal

parameter sequence of {d -



Since

S(e) (z) — 7_(3) -S(Z)*-(z)
0) _® z ré+j ré+3~rl+j .
Ry (2) =0, — , 0<j<t—1, r>0,

we obtain from (1.3), (1.4) that

S (25) — 7,.85(2F)
z—1 ’

RY) ,(2) = o 0<j<t—1, r>o0. (3.4)

With the above results we can state the following.

Theorem 3.2 Let the real sequences {c, }5° 1 and {d, }5° be such that {d,}2, is also a positive
chain sequence with its minimal parameter sequence denoted by {my} 2. Let the polynomials
{Rn(2)}02, be given by the three term recurrence formula

Ryii1(z) = [(1 +icpe1)z + (1 — ian)]Rn(z) —4dpt12Rn—1(2), n>1,

with Ro(z) =1 and Ri(2) = (1 +ic1)z+ (1 —ic1). Then foranyr >1,0>1and0<j</{-1,
the polynomial Rfﬂ?_s_j(z), of degree ¢ + j, given by

R&H@):4;jT4a@6+2u—nm Rr_1(zY), (3.5)

has rl + j simple zeros on the unit circle |z| = 1 with z # 1. Moreover, if N = n + 1, then

between any two zeros of R%) (on the unit circle) there is a zero of Rg).

Proof. The expression for Rr(,?Jr ;(2) is immediate taking into account (2.6) in (3.4). Properties
of the zeros of these polynomials follow from the three term recurrence formula (3.2) and results

given in [9]. (]

Note that for £ = 1 then the polynomials Rg)(z) become the polynomials R, (z). For ¢ > 2,
considering only the polynomials R%th we have

/ l *( l
0 _ 2"8p(2") —mSp(27)  2f -1
R (2) = z—1 oz =1
r—2 *
RO (1) = 120 [1—mey]  28S,_1(2Y) — 7187 1 (2Y) _ 2= L (D, 12
ré=1 H;;g [1 — Re(Tjaj)] z—1 z—1""" 7

Thus, we also have the following three term recurrence formula
l . . 4 L
R0 01 (2) = [(1+icn) + (1= ic )] R, 1y (2) — 4dea 2 RY)((2), 7> 1,

with . ,
2zt =1 0 zt—1
o1t B =

Rég_)l(z) = [(1+ ic1) 2t 4 (1 — ic1)].

4 Some remarks on sieved (Gaussian quadrature

As given by Theorem 2.2, the quadrature rules based on the zeros of the sieved para-orthogonal
polynomials (z — I)Rg)(z) are

¢ () =Y AN, (B0, p=0,%1,... 4, (4.1)



where zn% =1, zq(ﬁn, m = 1,2,...,n, are the zeros of Rg)(z), and the positive weights )\%?m,
m=20,1,...,n, can be given by
om0 g
n,0 — 1 ¢ 0 14 ’
RY IR (1) =201 —mi )R (1) s
2n—14(0) 4O 4O (0) ‘
A= — uz;i d(ﬁ) (Z < ?;n) 5y Mm=L2..on
M= 20 BY () R (2)
However, we can say a bit more about the Gaussian quadrature formula based on the zeros

of (z — 1)}%7(?“_1(,2:)7 r > 1. We write this quadrature formula in the form

r {—1

/CdeH(e)(C) = prg(wre )P

k=0 j=0
Y4 .. 4 Y4
where wy 0 = Z£Z)+£—1,0 =1 and the remaining w,; ; = Z7EZ)+£—1,k£+j are the zeros of Rv(%)-&-Z—l(Z)
) .
and ppp; = )‘r€+ﬂ—17ké+j’ 7=0,1,....0—-1, k=0,1,...,r.

Theorem 4.1 The nodes w, ; and the weights p,y ; of the quadrature formula based on the
zeros of the polynomial (z — 1)R7(,2_£_1(z) are such that

Wy = 2N G =0,1,...,0—1,
Wy jj = elOrpt2m)/t 5 —01,...0—-1, k=1,2,...,r

and )
pr,k,jzz)\nk, 7=0,1,....0—-1, k=0,1,...,r

Proof. The formulas for the nodes simply follow from (3.6). The results for weights can
be verified in two different ways. The first one is the direct substitution of the zeros in the
expressions given by (4.2). For example, using information such as (wr707j)£ =1 and (whm)Z =
Zrk, we have

{4 l £) (¢ l
A d a0 ) e dredre - d

= 11— mg)--- Yy k(1 —my) - Hmp k(1 —my) -+ L,
2
= e (L= me)dids - dr,

£)! _
(1 - wr,O,j)Rﬁg)Jrz 1(wr OJ) — (wr,O,j)Z 1Rr(1):

o)1 _
(1= wrp )R, (wrp) = £(1 = 20) (wep ;) LR (20 0)-
and ©
R""K‘i‘f 2(wr 07.7) (wrzovj)_l [Rr(]') - 2(1 - mr)erl(]‘)]’
4 _
Rgf)JréfQ(wr,k,ﬂ =2(1 — my) (wy k) T R -1 (20 )

Thus the relations p,.j ; = £~ \.j, follow from (2.10) and (4.2).
The other way to verify these results is to obtain the new quadrature formula (4.1) directly
from the quadrature formula (2.9). Since (wy.x ;)* = 2.k, we have from (2.10), with n = r,

2n(H0/C )
/ ) (e"™)Pdpu(e’ Z)‘T’“ (wrp )P, p=0,+1,...,+r
2mj /L



for 7 =0,1,...,¢ — 1. Hence,

o /-1 r
/ (€OPdpe®) =33 Aeklwer ), p=0,£1,..., %7,
0 §=0 k=0
As a consequence, we can write
o r -1
/ () Pdu () = [ﬁlkr,k Z(wr,k,j)"p}, p=0,%1,...,+r
0 k=0 j=0

Note that the weights and nodes are exactly what we wanted. Only thing we still need to verify
is the validity of the above quadrature rule for the powers ¢fp+q,q=1,2,...,¢ — 1.
The left hand side can be written as

21 2
/ ( zG)Eerqd'u Z/ /t 19+i27rj/£)ép+qd'u(2)(ei9)

0
/ 2“/ "N, ezi 2 /61 () (10
= e p+q[ 127y ] ( i )
For g =1,2,...,/ — 1, since the sum within the integral is zero the resulting integral is zero.
Since wy.k ; are the ¢t roots of 2k, it follows that
-1 -1
(W )P0 = 3 Ost 2Nt/ — 0 g =12, 01,
j=0 Jj=0
So the right hand side is also zero for such powers. [
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