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Abstract

A pair of regular linear functionals (U, V) is said to be a (M, N)-coherent pair of order
(m, k) if their corresponding sequences of monic orthogonal polynomials { P, (z)},>0 and
{Qn(z)}n>0 satisfy a structure relation such as

M N

m k
S ain P (@) =3 Q%) (), n>0,
1=0 =0

where a;,, and b;,, are complex numbers such that ay,, # 0 if n > M, by, # 0 if
n > N, and a;, = b;, = 0 when ¢ > n. In the first part of this work we focus our
attention in the algebraic properties of an (M, N)-coherent pair of order (m, k). To be
more precise, let us assume that m > k. If m = k then U and V are related by a rational
factor (in the distributional sense); if m > k then ¢/ and V are semiclassical and they are
again related by a rational factor. In the second part of this work we deal with a Sobolev
type inner product defined in the linear space of polynomials with real coefficients, P, as

(@), q()), = / p(2)g()dpo(z) + A / P (2)g"™ (2)dps (z), poq € P,

where A is a positive real number, m is a positive integer number and (pg, 1) is a (M, N)-
coherent pair of order m of positive Borel measures supported on an infinite subset of
the real line, meaning that the sequences of monic orthogonal polynomials {P,(z)},>0
and {Q,(x)}n>0 with respect to po and pq, respectively, satisfy a structure relation
as above with & = 0, a;, and b;, being real numbers fulfilling the above mentioned
conditions. We generalize several recent results known in the literature in the framework
of Sobolev orthogonal polynomials and their connections with coherent pairs (introduced
in [A. Iserles et al., J. Approx. Theory 65 (2), 151-175 (1991)]) and their extensions. In
particular, we show how to compute the coefficients of the Fourier expansion of functions
on an appropriate Sobolev space (defined by the above inner product) in terms of the
sequence of Sobolev orthogonal polynomials {Sy, (x; A) }n>0.

Keywords: Moment linear functionals, orthogonal polynomials, coherent pairs, Sobolev
orthogonal polynomials, approximation by polynomials, algorithms.
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1. Introduction

In this work we deal with sequences of monic polynomials, {S,,(z; \)},,>0, orthogonal
with respect to the Sobolev inner product

(p(2), a(x)), = / p(2)q(x)dpo () + A / P (@)g™ (@) (), prg€P, (L)

where ) is a positive real number, m is a positive integer number (it indicates a derivative)
and (uo, u1) is a (M, N)-coherent pair of order m of positive Borel measures supported
on an infinite subset of the real line, i.e., if { P, (2)},>0 and {Q,, () }»>0 are the sequences
of monic orthogonal polynomials (SMOPs) with respect to pg and pq, respectively, then

M N
Z ai,npygilznfi(x) = Z bi,nQn—i(x)7 n Z 07 (12)
i=0 =0

where a; , and b;, are complex numbers such that ap, # 0 if n > M, by, # 0 if
n > N, and a; , = b; , = 0 when 7 > n.

The case (M, N) = (1,0) and m = 1 has a special historical importance. Such a pair
of measures is said to be a coherent pair and it has been introduced and analyzed by A.
Iserles, P. E. Koch, S. P. Ngrsett, and J. M. Sanz-Serna [14]. Later on, F. Marcelldn and
J. Petronilho [19] described all the coherent pairs of measures when one of the measures
is a classical one. Finally, H. G. Meijer [23] proved that there are no other coherent
pairs, showing that, indeed, in a coherent pair one of the measures must be a classical
one (Jacobi or Laguerre) and the other one is a rational perturbation of it. Meijer’s paper
had a great influence in the subsequent developments of the theory of coherent pairs of
orthogonal polynomials. Indeed, after these works, several other ones appeared in the
literature, dealing with generalizations of the notion of coherence, including in a more
general framework of quasi-definite linear functionals. For instance, among others, we
mention here the works by K. H. Kwon, J. H. Lee, and F. Marcellan [17], F. Marcelldn,
A. Martinez-Finkelshtein and J. J. Moreno-Balcdzar [18], M. de Bruin and H. G. Meijer
[24], M. Alfaro, F. Marcelldn, A. Pefia, and M. L. Rezola [1, 2, 3, 4], A. M. Delgado and
F. Marcellan [9, 10], J. Petronilho [25], M. N. de Jesus and J. Petronilho [15, 16], A.
Branquinho and M. N. Rebocho [6], F. Marcelldn and N. C. Pinzén-Cortés [20], and M.
Alfaro, A. Pena, J. Petronilho, and M. L. Rezola [5]. For a review about these and other
contributions, see e.g. the introductory sections in the recent papers [16] and [20].

All these generalizations of the notion of coherence may be regarded as special cases
of the notion of (M, N)-coherence of order (m, k) to be considered in the present paper.
Indeed, given two SMOPs {P,(z)}n>0 and {Qn(z)}n>0, and four nonnegative integer

Email addresses: mnasce@estv.ipv.pt (M. N. de Jesus), pacomarc@ing.uc3m.es (F. Marcelldn),
josep@mat.uc.pt (J. Petronilho), npinzon@math.uc3m.es (N. C. Pinzén-Cortés)

Preprint submitted to Elsevier June 12, 2013



numbers M, N, m,k, we say these two SMOPs form a (M, N)-coherent pair of order
(m, k) if a relation such as

M N

m k
S a4 P) @) = 0,Q) (@), n>0,
i=0 i=0

holds, where a; ,, and b; ,, are complex numbers such that apsn, # 0 if n > M, by, # 0
ifn> N, and a;,, = b;, = 0 when i > n. The above structure relation has been already
considered in [15], where it has been proved that, under some natural conditions, and
assuming, without lost of generality, that 0 < k < m, the regular moment linear func-
tionals U and V associated with the SMOPs { P, (z)},>0 and {Q,(z)}n>0 (respectively)
fulfill a distributional differential equation

D™ F(p(x)V) = y(a)U,

where ¢(z) and ¢ (x) are some polynomials. Furthermore in [15] the authors also proved
that if m = k then U and V are related by a rational factor and, if m = k + 1, then
both U and V must be semiclassical, being also related by a rational factor. For a survey
about the theory of semi-classical linear functionals, the basic reference is P. Maroni [21].

When m > k + 1 the problem of determining whether ¢/ and V are semiclassical (for
arbitrary M and N) remained open. In the present work we fill this gap by proving that
even when m > k + 1 both & and V are semiclassical and they are related by a rational
factor. This will be stated in Section 3. On the other hand, when the above linear
functionals are associated with positive Borel measures, then a useful algebraic relation
between the sequences {S,,(x; A) }n>0 and {P,,(x) }n>0 will be deduced, provided that the
measures form an (M, N)-coherent pair of order m in the sense of (1.2) and {S,,(z; \) }r>0
is an SMOP with respect to the inner product (1.1). This will be the topic to be analyzed
in Section 4. Notice that an inner product of this type, involving higher order derivatives,
was already considered in [20] in a situation corresponding to (1,1)-coherence of order
m. In Section 5 we built and implement an efficient algorithm for the computation of
the Fourier-Sobolev coefficients, i.e. the coefficients of the Fourier expansion of func-
tions of the Sobolev space W™2(I, ug, p11) in terms of the SMOP {S,,(x;\)}n>0, thus
extending to the more general framework of (M, N)-coherence of order m the previous
algorithms known in the literature for coherence [14], generalized coherence [17], and
(M, N)-coherence (of order 1) [16]. Notice that from such an algorithm the evaluation
of the Fourier-Sobolev coefficients does not need the explicit expressions of the Sobolev
orthogonal polynomials. This is an extension of a remarkable fact pointed out by Iserles
et. al. in [13] for coherent pairs. In such a paper the authors point out that when we
wish to approximate a function by its projection into the linear space of polynomials and,
simultaneously, to approximate its derivative by the derivative of the polynomial approx-
imant in the linear space L?([—1,1];dz) the Fourier-Sobolev projector in the Sobolev
space W12(([—1,1]; dz, dx) is more valuable than the standard Fourier projector in such
a space. Given that the derivative of the function is steep, it is only expected that
the quality of the projection in the conventional L? norm deteriorates. In general, the
Fourier Legendre projector is poor near the end points whereas the Fourier-Sobolev pro-
jector displays a reasonably good behaviour throughout the interval [—1,1]. At the end
of Section 5 an illustrative example of a Fourier-Sobolev expansion is presented for a
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particular situation involving a (2, 1)-coherent pair of order 3. Thus, a comparison of the
remainder errors for the Fourier and Fourier-Sobolev projectors for higher derivatives is
analyzed, from a computational point of view, in a more general framework than [13].
Before going to the main part of this work in the next Section 2 we recall some basic
background from the general theory of orthogonal polynomials needed in the sequel.

2. Basic Tools

For each nonnegative integer number n, P,, will denote the linear space of the poly-
nomials with complex coefficients of degree less than or equal to n, and P = U2 (P,,.
(U, p(x)) will denote the image of the polynomial p € P by the linear functlonal u. 1t
P,(z) is a monic polynomial, then P,[Lm] () denotes the monic polynomial of degree n
defined by

Pml(z) .= P (@) n=012-,

(n+1)m’

where (), is the Pochhammer symbol: (a)g = 1; (@), = a(a+1) - (a+n—1) if n > 1.
A linear functional U is said to be quasi-definite or regular if det ([ui+j]2j:0) #0

for every n > 0, where u, = (U,z"™) is its moment of order n. In this way, there

exists a sequence of monic polynomials {P,(z)},>0 such that deg(P,(z)) = n and

(U, Py (2) P () = Kndp,m, with &, # 0, for n,m > 0. {P,(z)}n>0 is called the sequence

of monic orthogonal polynomials (SMOP) with respect to U. In this case, if {p,}n>0 is

the dual basis associated with {P,(z)},>0, which is defined by (., Py (z)) = dpp,p for

n,m > 0, then

Po(x)
Pn = 7@1 Vn > 0. 2.1
. PR >y
Besides, if {¢,, }n>0 is the dual basis of the sequence {PT[Lm] () }n>o (for fixed m > 0), then
D™e, = (=)™ (n+ V)mbptm, Vn >0, (2.2)

where, for a linear functional V, DV denotes its (distributional) derivative, which is
defined as the linear functional such that

(DV,p(x)) = =(V.p'(z)), peP.

When det ([uiﬂ]ﬁjzo) > 0 for all n > 0, U is said to be a positive definite linear func-
tional. In this case there exists a positive Borel measure pu supported on the real line
such that (U, p(z)) = [pp(x ), Vp € P. Besides, [; P2(x)du(z) < [, p*(x)du(x)
holds for every monic polynomlal of degree n, p(z) # Pn(x), Wthh is called the extremal
property of the SMOP {P,,(z)}n>0 (see e.g. [26]).
The linear functionals Dirac Delta at a, o(x)U a
are defined by (d,, p(x)) = p(a), {p(x)U,p(x)) = U,

<U, M>, for p e P.

r—a

nd (z —a)~U, fora € C and p € P,
p()p(x)), and ((z — a)"'U, p()) =

Lemma 2.1. LetU be a linear functional, and let o(x) be a polynomial of degree n whose
zeros x; € C, 1 <1i < n, are simple. Then

oty — (g, P8~ Lolain)
(o™ @) <u,4 Dy per (2.3



@)U =U — Z so’(lzvi) <u7 ffﬂﬁi > Oass (2.4)

where Ly, (x;p) denotes the interpolatory polynomial of p(x) at the zeros of p(x) given by

Zpi)

(= @)/ ()
Proof. The proof of (2.3) uses induction on n, and (2.4) follows from (2.3). O

Proposition 2.2. Let U and V be two positive-definite linear functionals related by the
expression of rational type

(@)U = plx)V, (2.5)

where p(x) and p(x) are polynomials of degree r and t, respectively, and let pg and py be
their corresponding positive Borel measures supported on the real line. Assume that iy
has compact support and that all the zeros of p(x) are real and simple, and they lie out
the convex-hull of the support of 1, i.e., x; € R\ co(supp(u1)) for all 1 < i < r. For
each £ =1,--- 7, define

T

=i [ A - Z{P(%)F(xe,m)

' (ze) r¢'(ve) =

-1 ) j-1
0. plx 0 1 ;
+ Z G )') © vj + (@ — ;) fog Yo+ @l (@ — 2) Fze,m) | o,
§=0 J: k=0
where 0, p(x) = W and F(-,u1) is the Cauchy transform of the measure pi

defined by

F(z, ) :/dul(x)’ z € C\ co(supp(p1)).

R T —Z

Then the measures g and py are related by
p(x)
dﬂO(x) 30 l‘ dlufl + anfszea (26)

provided 1y > 0 for all £ = 1,--- .7 and the right-hand side of (2.6) defines a positive
Borel measure.

Proof. From (2.5) we have that ¢! (z)¢(z)U = ¢~ (z)p(x)V. Hence, from (2.3) we get,
for every fixed p € P,

(D=Ll ) _ (PO Leeim) ),




where, since L, (z;p) = >, p(xi)%, it follows that

On the other hand, since 6,,p(z) is a polynomial of degree ¢t — 1, then from its definition
and its Taylor polynomial, we obtain

T T t—1 (@)

1 1 0z, p(x))"" (0)

pla) =S pla) = = ST | [ S0 A2 ) (o) + ()
i=1 i=1 j=0 J:
Thus, the proof is complete taking in account that

. j—1 j '

Pz~ zi) (z — ;) =27 + (zp — x;) fol*kxk + 79%(1;6 — xl).
xr— Xy =0 Tr—Ty

O

Remark 2.3. Under the remaining hypothesis of Proposition 2.2, the right-hand side
of (2.6) defines a positive Borel measure if, for instance, the polynomials p(z) and ¢(x)
have the same sign in the interval co(supp(u1)).

An important characterization of OPs is given by the Favard Theorem ([8]): { P (%) }n>0
is the SMOP with respect to a regular linear functional U/ if and only if there exist com-
plex numbers {ay, }n>0 and {8, }n>0, Bn # 0, n > 1, such that they satisfy the three-term
recurrence relation (TTRR)

Poi1(z) = (x — an)Po(z) = BpPr_1(z), n >0, PFPy(x)=1, P_i(z)=0.

Moreover, U is positive definite if and only if o, € R and 8,41 > 0, for n > 0.

A linear functional U is said to be semiclassical if it is quasi-definite and there exist
o,7 € P\ {0}, deg(7(x)) > 1, such that D(o(x)U) = 7(z)U holds. In this case, the class
of U is the nonnegative integer s := min max{deg(o(z)) — 2,deg(7(x)) — 1}, where the
minimum is taken among all pairs (o(z), 7(x)) such that D(o(z)U) = 7(z)U holds.
Proposition 2.4 ([22]). If U and V are quasi-definite linear functionals and they are
related by p(z)U = q(x)V, p,q € P\ {0}, then, U is semiclassical if and only if so is V.
Moreover, if the class of U is s, then the class of V is at most s + deg(p(x)) + deg(q(z)).

A semiclassical linear functional U (resp. SMOP {P,(x)},>0) of class s = 0 is said
to be a classical linear functional (resp. classical SMOP).

Theorem 2.5 ([11, 12, 21]). A reqular linear functional U is classical satisfying D(o(x)U) =
T(z)U if and only if, for m > 1 fized, {P,[Lm] () }n>0 is a SMOP associated to Uy, =
o™(x)U. Moreover, D(o(x)Uy,) = [7(z) + mo’(z)|Uy, holds.

Finally, the formal Stieltjes series of a linear functional I/ is defined by

Un,
SM(Z) = Z an+l”

n>0
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3. (M, N)-Coherent Pairs of Order (m,k)

Definition 3.1. A pair of regular linear functionals (U, V) is said to be a (M, N')—coherent
pair of order (m, k), with M, N, m,k fixed nonnegative integer numbers, if their corre-
sponding SMOP {P,(z)}n>0 and {Qn(x)}n>0 fulfill the following linear algebraic struc-
ture relation

M N
P @) + 3" ain P (2) = QW () + 3 binQU (), n>0, (3.1)
=1 =1

where a; , and b;, are complex numbers such that ap;, # 0 if n > M, by, # 0 if
n > N, and a;,, = b;, = 0 if i > n. Furthermore, (U, V) is said to be a (M, N)-coherent
pair of order m if it is a (M, N)-coherent pair of order (m,0).

Remark 3.2. When (U, V) is a (M, N)-coherent pair of order (m,k) and U or V is a
classical linear functional, then (i, V) can be regarded as a (M, N)-coherent pair of order
(0, k) or (m,0), respectively, and thus it can be seen as a (N, M )-coherent pair of order
k or a (M, N)-coherent pair of order m, respectively.

The next theorem improves several results stated in [15, 16, 20, 25] by giving a
complete description of the semiclassical case in the framework of (M, N)-coherence of
order (m, k).

Theorem 3.3. Let (U, V) be a (M, N)-coherent pair of order (m, k) given by (3.1), with

m >k, and det(Lyren) # 0, where Lpyrin = [li,j}%ﬂ)v_l is the matriz of order M + N

with entries

Aj—i,j Zf 0<i<N—-1 and i<j<M+i1,
li’j = bj—i-',—N,j Zf N<{<M+N-1 and i—N < <i, (32)
0 otherwise,

and the convention agj, = by j, = 1 for0 < j1 <N —=1and 0 < jo < M —1. Then,
there exist polynomials prik1n(2) and YN imin(x) of degrees M +k+n and N+m—+mn,
respectively, such that

D" Fppryin(@)V] = N fmin(@)U, 1 >0, (3.3)

and each one of the functionals U and V is a rational modification of the other one, i.e.,
there exist polynomials o(x) and p(x) such that

@)U = pla)V. (3.4)

Moreover,
(i) If m =k, then U is a semiclassical linear functional if and only if so is V.

(i) If m >k, thenU and V are semiclassical linear functionals.

Proof. According to (3.1), set

M N
Ro(z) =Y ainPM(2) = 3 0:nQW (@), n >0, (3.5)
1=0 1=0



where ag,n = bO,n = 1. Let {pn}n207 {qn}n207 {tn}nZOa {en}nZO and {hn}nZO be
the dual bases associated with the SMOP {P,(z)}n>0, {Qn(z)}n>0 and the sequences

{Rp(2)}nz0, {PI"(2)}ns0 and {QW)(2)}n>0, respectively. Since

(35)M ai_p; if n<j<n+M
B0 D Y tersay P = { o g S
=0

otherwise,
(35)N k] b if n<j<n+N
) 20 - NlE _ j—n,j S s )
s Ryte) 3,0 ) = {0 B,
we get
n+M
¢y = Z<2n,Rj({L‘)>tj = Z Aj—n,jtj, N >0, (36)
j=0 Jj=n
n+N
bn =Y (o, Rj ()t = Y bjnjt;, n>0. (3.7)
j=0 j=n

These equations for 0 <n < N —1and 0 <n < M — 1, respectively, yield the following
system of linear equations

To €0
Laran TN-1 _ EN—1
+ 19\ bo ’
| tN+M-1 ] L bar—1 |
M+N-1

where the matrix Loy = [l ;] is given by (3.2). Since det(Lar4n) # 0, we can

solve this linear system and get

4,7=0

v = a; 00+ -+ Norenv—1+a; o+ o Nyv—1by—1, 0<i < M4N-1, (3.8)

where «; j, 0 < 7 < N+ M — 1, are some constants. On the other hand, for every i > 0,
if we multiply (3.6) for n = N 44 by by p+N+4, and (3.7) for n = M 44 by an pm+nN+is
and then we subtract the resulting equations, we obtain

bN M4+ N+ieN+i — OM,M+N+iDM+i
= B1itmin{M,N}+i T + Bmax{M,N},itM+N+i-1, >0, (3.9)

where §;;, 1 < j < max{M, N}, i > 0, are constants. On the other hand, for ¢ > 0 fixed,
from (3.6) we can recursively get an expression for tyr4 1+ as a linear combination of v;,
0<i<M+N-1,andej, N<j< N+t (since aprprg; #0, N <j < N+1t). Asa
consequence and using (3.8), (3.9) becomes

Q00 + -+ O N4i—18N+i—1 + ON M+ N+ieN+i
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= Bz,obo +- /éi,M—th—l +amMyN+iDMmyi, 120,

where &; ;, and Bi,jz, for0<j; < N+i—1and0<j, <M —1, are constants. Taking
the mth derivative in the above equation, since m > k, from (2.2) it follows that

Qi 0Pm + -+ Qi Npim1PN+i—14m F ON N (1) (N + i+ 1) mPNyiem =

D™ | Biodn + -+ + Biar—10nr— 14k + anareni(—1)F (M + i+ l)qu+i+k} ;
for ¢ > 0. Therefore, from (2.1) we get (3.3) with

(—1)* M0+ DO M N 21
V. Q% ey ()

(N+n+1) bNM+N+n N+m+
YN yman(T) = (=1)" ph T
wem ) = ) @)

Notice that when m = k, for every n > 0, (3.3) becomes (3.4) with p(z) = drr4k+4n(z) and
©(z) = UNtmin(x), and, as a consequence, the statement (i) follows from Proposition
2.4.

On the other hand, (3.3) becomes

OM4k4n(T) = + lower degree terms, n > 0,

+ lower degree terms, n > 0.

m—k
Z ( )¢M+k+n( )Dmikiiv = YNtmin(2)U, n >0, (3.10)

=0

with deg(@ar+i+n(x)) = M + k +n and deg(¥ntm4n(z)) = N +m + n. Hence, let us
consider the following linear system resulting from (3.10) for n =0,1,...m — k,

Dm*kV wNer(!L')u
: YN fmg1 (@)U
Ton—k+1(x) : = ) )
Dy :
1% ¢N+m+(m—k) (LU)U

where 0 # det(Tn—k+1(2)) = [T ("7 )W [orr41(2), dar+x41 (@), -, dnrins (i) ()]
= p(x) where W|[-] denotes the Wronskian. If m > k we can solve this system for ¥ and

DV and thus (3.4) follows as well as p(x)DV = ¢(x)U, where p(z) and ¢(z) are some
polynomials. As a consequence,

D[p(x)p(x)V] = ((x)p(x))' V + o(2)s(x)U = [(p(x)p(x)) + s(z)p(z)] V,
D [o(z)p(z)U] = D [p*(2)V] = 2p(x)p' ()V + p(z)s(@)U = [2¢(x)p' (z) + s(z)p(z)]U.

Therefore, V and U are semiclassical linear functionals, which proves the statement (i).
O

Remark 3.4. When (U, V) is a (M, N)-coherent pair of order (m, k) and m = k, it is
not possible to conclude that U and V are semiclassical. Indeed, in [25, Section 4] it



was proved that if & and V are related by o(x)U = p(x)V, with deg(p(z)) = N and
deg(p(z)) = M, then

n+N n+N
§ Qi m, 1P § bzle and
i=n—M i=n—N
n+M n+M
§ a1n2}) § banCQz 7 for n Z 07
i=n—M i=n—N

hold, where {a; n,;}n>0 and {b; » jIn>0, j = 1,2, are some constants. Thus, in this case,
for any pair of nonzero polynomials ¢(x) and p(x), we can choose either U or V being a
non-semiclassical linear functional, and as a consequence, so is the other one.

Remark 3.5. When (U, V) is a (M, N)-coherent pair of order (m, k) of positive-definite
linear functionals satisfying the same conditions of Theorem 3.3, then there exist poly-
nomials ¢(x) and p(x) such that & and V are related by ¢(z)U = p(x)V. Therefore,
when the zeros of either ¢(z) or p(z) satisfy certain conditions, Proposition 2.2 states
the relation between the positive Borel measures pg and pp corresponding to U and V,
respectively. More precisely, it gives an expression for either g in terms of w1, or py in
terms of pp.

In the following theorem we deduce some relations for the formal Stieltjes series
associated with the linear functionals constituting a (M, N)-coherent pair of order (m, k).
Thus, we generalize the results in [15, Section 4].

Theorem 3.6. If (U,V) is a (M, N)-coherent pair of order (m,k) given by (3.1), and
assuming the same condition as in Theorem 3.3, then
UNemn(2)Su(2) = [Brrskn()Sv(2)] T = An(z), n20,  (311)

where A, (z) = (V90¢M+k+n)(m_k) (2)—UBYN+m4n)(2), deg(An(2)) < n—14+max{M+
2k —m, N +m}, and

n—1 [fn—1

(Ubpp) ( Z aj41 Zu T = Z Z Qi1 Ui—j forp Za]xj

i=0 \i=j
Moreover, Sy(z) is the (formal) solution of the following non-homogeneous ordinary dif-

ferential equations of order m — k

m—k
Bin(2)SY(2) = Cu(z), n>0, (3.12)

i=0
with polynomial coefficients

Bin(z) = (m . ’“) [Vt 1 (DS () = Unemn(DS i ()]
Cn(2) = YNtman(2) Any1(2) — UnNtmant1(2)An(2),

and deg (B; n(2)) < M+N+2k+2n+i+1, deg (Cp(2)) < 2n+N+max{M+2k, N+2m}.
10



Proof. From Theorem 3.3, for n > 0 there exist polynomials

M+k+n N+m+n
AN 4ktn (T Z Tt and  Ynjpmin(z) = Z tjna’
i=0

such that (D™ *[@rr1in(®)V], %) = (UN1min(2)U, %), for i > 0. So

M+k+n N+m—+n
k .
(D)™ Fli—m+k+1), g TjnVicmtk+j = E tjntity, t,n >0,
j=0

where vi_myr4; = 0 if ¢ —m + k + j < 0. Thus, multiplying the above expression by
2z~ 0+ and adding for i = 0,1,..., we get in the left hand side

M+k+n
Z (Z—m'i‘k‘f'l)mfk Z Tj}n’l)ifm+k+jz_(z+1)
i>m—k =0
M+k o
m-+k +J
Z n#” Z£+1mké+y+1
=0 £>0
M+k+n m v
m—+k 0+
Z T Z( ) )mklzZK—i—l—Fj)lm
=0 >0
M+k+n m—k l) j—1
Z rjpna T Z ( ) Dm-n-2" [(=1)T18y Z (i + 1) z+1+l
M+k+n
m m— l
Z rj 2R Z < ) D™ G —m kL Dt (—1)185) (2)
M+k+n m — k
m m m—k—1 1
I S A M (R =B EE
M+k4+n—1 7
= > i ()R (G =) = mA k1), v TR
=0 i=0

= (1) [Sarsntn(2)S0(2)] T 4 (1) Vhodarinan) ™ (2),

(taking in account that (a+b), = > ;_o (})(@)n—k(b)r and (—a), = (=1)"(a—n-+1),).
The right hand side becomes

N+m+n N+m+n j—1 w

—(i+1) _ j i

S Yt = |- X
120 Jj=0 j=0 i=0

= *¢N+m+n(z)SM(z) - (uo0¢N+m+n) (Z)

Therefore, (3.11) follows. On the other hand, from (3.11) for n and n + 1, we can obtain

11



N pmtni1(2) [0 1hin ()] ™ = Yntmin (2) [0 hnsr (2)S0(2)] P
= YNt+mtn(2)Ant1(2) = Ungmint1(2)An(z), n20.

Thus, using the Leibniz rule, (3.12) holds. O

Remark 3.7. We can get Sy if we solve (formally) any differential equation in (3.12).
As a consequence, from (3.11) we can also obtain Sy.

4. Sobolev OP’s and (M, N)-Coherent Pairs of Order m of Measures

In the sequel, P will denote the linear space of polynomials with real coefficients. We
also assume that &/ and V are positive definite linear functionals and, o and pq are their
respective positive Borel measures supported on the real line. Besides, we consider the
Sobolev inner product

(p(z), q(z)); = /

P(CC)Q(x)dMO + )\/ p(m) (x)q(m)(x)dﬂla p,q € ]P)a A> Oam € Z+7
R R

(4.1)
and its corresponding SMOP {S,,(z;A)}n>0. The completion of P with respect to the

norm || - |[x := (-, >§\/ * yields the appropriate Sobolev space of functions. Notice that
(4.1) can be rewritten as

(p(x), q())x = (p(x), q(2)) o + AP™ (), "™ (2)) 0,

where (-,-),, is the inner product induced by dy;, i =0, 1.

Remark 4.1. If {P,(2) }n>0, {Qn(z)}n>0 and { Sy (x; A) } >0 are the SMOP with respect
to po, 1 and (-, -)y, respectively, then

] + 1 n+m(x)7Pj+m(x)>u [m]
Qu(x) = P™(z o pmlz), n>o0, 42
( Z o On Bl )
n—1
T5A)) 1o T, (x), P; o
(3 ) +Z 2 D Si(x;)\):Pn(gc)+Z—< (I)P ”( ) Py(z), (4.3)
/\ i=m Ho
for n > m, and S,,(x; A) = P,(z) for n < m, hold, where
To(x) = lm Sy(z;A), n>0. (4.4)

A—>r00

Proof. From (4.1), (P,(z),z%)\ = 0, for i < n < m, and then S,(x;)\) = P,(x) for
n < m. Besides, the coefficients of the Sobolev MOP’s S,,(z; \) are rational functions
of A, more precisely, their numerator and denominator are polynomials in A of the same
degree. Indeed, from the uniqueness of SMOP with respect to the bilinear functional W
associated with the Sobolev inner product (-, ), every S, (z;A) can be written as

wo,0 o Wo,n—1 wo,n
1
Sn(@A) = ————~ ,n>1, Splz;\) =1,
det ([wivj]:?,j:o) Wn—-1,0 °° Wp-1mn—-1 Wn-1n
1 .. xn—l "

12



where w; j = (2", 27)x = wiy; + A —m + 1) (§ — m + 1)im¥—m)4(j—m)» for i,j > 0.
Additionally, notice that [wi,j]?)jzo is a symmetric matrix for n > m, and it is a Hankel
matrix for n < m (it is the Hankel matrix associated with U). Thus, there exist the
monic polynomials given by (4.4). From (4.4) and (4.1) it follows that, for n > 0,

(To(x),2%) 0y = 0, i < min{n,m}, (T (x),27),, =0, j <n—m. (4.5)

Hence, from (4.5) we get

ZHP( ) = i (T (), Pj+m< )>M0 Pj+m(m)7 n>m,

=0 =0 HP]"FW”;LU

Qi(r) = Qu(z), n>0, (4.6)

(0t D 2 1QiI2,

and therefore (4.2) follows. On the other hand, from (4.1) and (4.5) we obtain
1

) () i (T () /(0 + 1), Qi)

2 s3 PR

for n > 0, and, as a consequence, (4.3) holds. O

Recall that the pair of measures (uo,p1) is said to be a (M, N)-coherent pair of
order m if it is a (M, N)-coherent pair of order (m,0), i.e, if their corresponding SMOP

{P(z)}n>0 and {Qn(x)}n>0 satisfy

N
+ Z a;, n [m] Qn ) + Z bi,nQn—i(x)7 n 2 07 (47)
i=1

where a; , and b;, are complex numbers such that ap ., # 0 if n > M, by, # 0 if
n > N, and a; , = b; , = 0 when i > n.

The following Theorem extends a fundamental algebraic property known for (1,0)-
coherent, (2,0)-coherent, (k + 1,0)-coherent, (1,1)-coherent and (M, N)-coherent pairs
of measures of order 1, (stated in [7, 9, 14, 16, 18]), to (M, N)-coherent pairs of order m.

Theorem 4.2. Let (ug, 1) be a (M N)-coherent pair of order m given by (4.7), and
K =max{M,N}. Then, S,(x;\) = P,(z) for n <m and

(n+1) mal np
n+m + § n i+ 1 P, H—m(x) = Sn+m(x7 )\) + § ij,)\sn—j—i-m(x; )\)a n > 0,
j=1

where cjp =0 forn <j <K, and

CjnA = (Pr—itm (@), Sn—jm (2 )\)>uo

(n+ 1), M Qi
”Sn—j-&-mHi = (n—i+ 1)

+)\szn <Qn i(x), T(Lm§+m(x;)\)>m‘|, 1<j<K. (4.9

i=j

Furthermore, for every n > K,
13



(i) if M > N and ap # 0, then cxpx # 0,
(i¢) if M < N and by, # 0, then cxnx # 0,
(iii) if M = N(= K) and apnbnn # 0 then,

K 70 n—ictm i + A = K +1)5brcn | Qnic [}, # 0

Conversely, if (4.8) holds for some constants {¢;na}tn>0, 1 <j < K, and {a;n}n>0,
1<i¢< M, such that ¢;nx =0, when n—j+m <0, and a;, =0, when n —i+m <0,
then (1o, 1) 48 a (M, K)-coherent pair of order m given by

P (z) + Zal 2P (2 ) + Z binQn_i(z), n >0, (4.10)
where b, =0 forn < j < K, and

m M m
(P @) + M, ain P (@), Quoy())
"= > 2, 1<j<min{K,n},n>0,
1Qn—12,

provided that the conditions by , 7# 0 hold for alln > K.

bj

(4.11)

Proof. Since (P, (z),z")x = 0 for i < n < m, then S,(z;)\) = P,(z) for n < m. On
the other hand, substituting (4.6) in (4.7), and integrating m times both sides of the
resulting equation, we get

N

n+m {E n i+m 1’) Tn+m(1’) n +m )

1n = bzn n 9 > 0.
+Z (n—i+ m (n+1)m+; (n —z+1m+2“ AT =

Applying (-,2%),,, i < m, and taking into account (4.5), we obtain for every fixed n > 0,

the system of linear equations Z -0 nnduﬂ_, =0for¢:=0,. — 1. Thus, taking

into account that det ([UHJL,J:o) # 0, then k,; = 0, for j = 0, ...,m—1and n > 0.
Therefore

x) M (x) a x)
n+m n i+m n+m n H—m
= —_— >0. (4.12
Zl n—i+1), O+1n 21 (n—i+1)m’ "= (412)

On the other hand,

N n+m
+m(2) +Z m( +m(T)  Sngm(z;A) Cjn Sp_jem(z;A), n>0,

(n+ 1), —i+Dym  (n+ 1), = (n+1)m

i=1

where from (4.1), (4.12) and (4.6), for 1 < j <n+m,

al'l’L

n—i+ 1),

jn>\

Ms

(Pr—iym(), Sn—j+m (; )\)>#o
14
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M1

A b Qa0 S )
i=1

then ¢j,» = 0 for j > ¢ or j > max{M, N} = K. Therefore, (4.8) and (4.9) hold.
Besides, for n > K,

CK,n,\ _ (nj\]\;iﬁl%n Pn—JW-Q—mHiO(SM,K + )\(TL -N + 1)m

(n+1)m B HSan+m||§

2
H1 6N7K

)

from which (3), (i) and (iii) are deduced.
Finally, applying (-, p(z))x to both sides of (4.8), for any p € P,,_ g ym—1, we get

(n+1)ma; np m
0=2A <P7(IT7)n + Z 7(zmz)+m(x)7p( )(LL‘)> ) VP S IF)n—K+m—1;
=1 #1

(n—i+ 1),
ie.,
0= < m] Zal nP[m] (m)> , VqgeP,_g_1.
M1
Besides,
+ Z (7% nP[m] n(x) + Z bj,nanj (x)> n >0,
=1

where b; , for 1 < j < n, is given by (4.11). Therefore, (4.10) follows. O

Remark 4.3. Using Theorem 4.2, we can recursively compute the Sobolev SMOP
{Sn(z;X)}n>0 and the coefficients {¢jnatn>0, 1 < j < K, when g and p; form a
(M, N)-coherent pair of order m and the coherence relation (4.7) is known. In the next
section, we will prove the Algorithm 5.5 which allows to compute the Sobolev norms
{15,113 }n>0 and the coefficients {c;nA}tnz0, 1 < j < K, and, as a consequence, from
(4.8) and S,,(z; A) = P,(z) for n < m, we can get the Sobolev SMOP {S,,(x; A) }n>0-

5. Computation of the Fourier-Sobolev Coefficients for (M, N)-Coherent Pairs
of Order m of Measures

Let I be a open interval of the real line and let W™ 2[I, ug, u11] be the Sobolev space
of smooth functions

WL, g, ] = {f T > RIf € L2,(D), f™) € L2,(D)}.

Every function f € W™2[I, ug, uu1] generates the following Fourier-Sobolev series with
respect to the Sobolev SMOP {S,,(z; ) }n>0,

Z In g (5.1)

nOn

15



where
fn = faN) i= (f(2),Sn(z;\)n, and s, =s5,(N) :=|S,]|3, n>0. (5.2)

In [14], [17] and [16] an efficient algorithm for computing the Fourier-Sobolev co-
efficients fy,/sn, n > 0, when (po, p1) is a (1,0)-coherent, (2,0)-coherent and (M, N)-
coherent pair of order 1, respectively, is done. Here we extend these algorithms to the
general case when (uo, 1) is a (M, N)-coherent pair of order m. For this purpose, first
we show how to compute the sequences {f,}n>0 and {s,}n>0, based on the algebraic
property stated in Theorem 4.2. Finally, the algorithm will be a consequence of these
results.

We use the following notation

Qi n = (n(—z—&-)l)m Qi n, and bi,n = (Tl + 1)mbi,n7 (53)

where a; ,, = Fl;in = 0 when ¢ > n, and ap,, = 1 and 507,1 = (n+1),, for n > 0, (since
aipn =bipn=0"fori>n,and agy = by, =1 for n > 0).

Theorem 5.1. Let (ug, 1) be a (M, N)-coherent pair of order m given by (4.7), and
K = max{M,N}. Then the sequence {fn}n>0, given by (5.2), satisfies the following
non-homogeneous linear difference equation of order K

K
fn+m + ch,n,)\fn—j+nl = On, n Z 07 (54)

j=1

where ¢;n.x is given by (4.9) and on = 0n(X; f) is defined by

M N
gn=<f<x>,zai,npm+m<x)> +)\<f(m)($)7zgi,nQni(w)> : (5.5)
i=0 i=0

1o ' H1

Proof. Applying (f(x), - )x to both sides of (4.8) and using (4.1), (4.7), and (5.3), we get
the desired result. O

Now, we will show that the coefficients {¢;nx}n>0, 1 < j < K, together with the
Sobolev norms {sy, }»>0 satisfy the system of K'+1 difference equations given by (5.6) and
(5.9), with initial conditions s,, = [|P,[|2,, 0 <n < m, and ¢j,x =0,0<n < j <K,
from which they can be computed. Besides, since the sequence { gy },>0 can be directly
computed in terms of the data (the (M, N)-coherence relation (4.7), the parameter A,
and the function f), then using (5.4), we can recursively compute the sequence { f, }n>0-
Thus, the sequences {f,}n>0 and {s,}n>0 will be deduced and therefore we get the
Fourier-Sobolev coefficients { f,,/sn }n>0-

Theorem 5.2. The following relations hold

‘
Sn—K4+64+mCK—t,n,\ + E Cin— K+ CK—f+in ASn—K-+l—i+m = ey, 0<SAL<K,n>0,
i=1
(5.6)
16



where cjpx =0 forn <j < K, and

M N
C@,n,)\ - Z ai,nai—K+€,n—K+€||Pn—i+m||ZO Z n i— K+4,n— K+€||Qn 1”#1
i=K—/ i=K—

(5.7)

Proof. From (4.8), (4.7) and taking into account (5.3), for j = K — ¢ and 0 < ¢ < K,
n >0, (4.9) becomes

M
Sn—K4+l+mCK—tn X = Z az na] n—K-+/4 <Pn7i+m(m)7 Pn7K+€7j+m(x)>

>a

M
j=0
a; ’ILC] n—K+£6,\ <Pn—i+m($), Sn—K+€—j+m(x; )\)>

¥M§ T

Ho
7 —Lg
N N o
+ A Z sz,nbj,n—K-i-l (Qn—i(2), Qn-k+e-5(2))
i=K € j=0
N K "
- A Z szmcjmeJré,)\ <Qn ’L( ) S»,(Im)[(+z J+m<.'1,‘,)\)>
i=K—f j=1 -
(5.8)

Notice that, from orthogonality, the first and the third terms in the right-hand side of
(5.8) are equal to

M N
Z ai,nai—K-l-&n—K—i-Z”Pn—i-i-mHZO and Z n i—K+4,n— K+€||Qn 1”#«1’
i=K—/4 i=K—

respectively. On the other hand, the second and the fourth terms are equal to

M
= Cimerien Y. G Paipm (), Snekre—jim(@3N)),  and
j i=K — 45
N

¢
_)‘ch,n—K"rZ,)\ Z bi7n<Q’ﬂ 1( ) Sr(LmK+Z ]+m(x;)\)>ﬂla
j=1

i=K—f+j

respectively. Indeed, since (Pp_;ym (), Sn—k4r—jtrm(@;A)) e =0if i < K — €+ j or if
K —{+j> M (because i < M), then the second term in (5.8) is equal to

M—-K+¢ M
Z Z ai,ncj,n—K+l,A <Pn—i+m(x)> Sn—K+E—j+m(z; A)>HO

j=1 i=K—t+j

M
Z azncjn K+€)\<Pn z+m( ) Sn K+¢— j+m($ )‘)> o’

¢
j=1i=K—{+j

J

where the last equality follows from Zﬁ:M—K+E+1 Zi]\iK_u.j (-) = 0. In the same
way we can obtain the fourth term. Furthermore, notice that from (4.9) the sum of the
17



second and the fourth terms is — Z§:1 Cjn—K+6\5n—K+6—j+mCK—t+jn,x- Lherefore, 5.6
follows. O

Corollary 5.3. The sequence {s,}n,>0 satisfies the non-homogeneous linear difference
equation of order K

K
Sn4+m + Z C?)mxsn—i—i-m = CK,TL,)\’ n > Oa (59)

=1

where cjpx =0 forn <j < K, and

M N
Cima = DGl Pacigmlliy + Y02 1Qu—illf,
i=0 i=0

Proof. The proof is a straightforward consequence of (5.6) for £ = K (since (4.8) and
(4.9) hold taking ¢, x = 1 for n > 0). O

Additionally, from the (M, N)-coherence of order m, we can find bounds for {s, }n>0,
the norms of the Sobolev SMOP {S,,(z; ) }»,>0, as follows

Corollary 5.4. For n > m, the following inequalities hold

M N

HPTLHiO_F/\(n_Fl_m)?n||Q7L—TVL||;2“ S Sn S Zain—mnpn—i”ZO_FAZ b?,n—mHQn—m—i”il'
i=0 =0

(5.10)

Proof. From the extremal properties for monic Sobolev orthogonal and standard poly-
nomials we get s, = ||Sn||i0 + )\||S,(Lm)||ﬁ1 > HPnHi0 +An+1- m)fn”Qn,mHil, for
n > 0. On the other hand, from (5.9) and since (x n > 0 for every n > 0, it follows

that sp4+m < Cxon,a, for n > 0. Substituting n by n — m, the proof is complete. O
Finally, substituting in (5.6) £ by K — j and n by n + j, we get

K—j
SntmCintj A = CK—jn+ji\ — Z CimACitintirSntm—i, 0<j<Kn>0. (511)

i=1

These previous equations, ||Sy,||x = || Pl forn < m, and ¢jn x = 0forn < j < K, allow
us to compute all the Sobolev norms {s,},>0 as well as all the coefficients {c¢; ,, x }n>0,
1 < j < K, in the algebraic relation (4.8), as it is shown in the following algorithm.
Additionally, using (5.4) and f, = (f(z), Py(2))u, for n < m, we can compute the
coefficients {f,}n>0. Finally, as a consequence, it is possible to compute the Fourier-
Sobolev coefficients { f,,/sn }n>0 appearing in (5.1), for any function f € W™2[I, ug, pu1].

Algorithm 5.5. This algorithm allows us to compute the Fourier-Sobolev coefficients
{hnx = fu/Sntn>o0 in (5.1) for a given function f € W™2[I, o, 1], as well as the
coefficients {¢j n a}n>0, 1 < j < K, in (4.8), when (po, 11) is a (M, N)-coherent pair of
order m given by (4.7).

18



e Starting Data: The initial conditions are K = max{M, N} and

Cima=0,j>Korn<j<Kn>0; conr=1, n2>0;
Sn = ||Pn||ioy fTL = <f(x))Pn($)>;Loa hn,)\ = fn/sna 0 é n < m.

Furthermore, we must take in account the expression for o, and (jnx, 0 < j < K,
and n > 0, given by (5.5) and (5.7), respectively. (See also (5.3)).

e Stepn, for everyn > 0 fixed: From the Starting Data and the information obtained
in the Steps 1 to n — 1, we can compute

(1) Sm4n from (5.11) taking j = 0, and the elements ¢; 4 for j=1,--- | K,
(i) fm+n from (5.4),

(i4i) and the Fourier-Sobolev coefficient h,, x

as follows
min{K,n}
_ E 2 .
Sm+4n = CK,n,)\ - Ciyn’)\smqtnfia
i=1
min{K—j,n}
CintiAr = | CR—jntjir — E Ci,nACitjintjA\Sman—i | [Sman, 1 <7< K;
i=1
min{K,n}

fm+n = On — Z ci,n)\fm—i-n—i;

i=1

hern,)\ - fm+n/sm+n~

Remark 5.6. Notice that the computation of the Sobolev norms {s,,4n}n>0 and the
coefficients {¢j n+jxrtn>0, 1 < j < K, obeys the scheme illustrated by the following
matrix with K + 1 rows and infinitely many columns, where the computation must be
done successively along the decreasing diagonals

Sm Sm+1 Sm+2
0 c11a c12a €132
0 0 €222 C23x C24

0 0 0 CK, KA CK,K+1,A  CK,K+2,)

Remark 5.7. As a consequence of the Algorithm 5.5, the computation of the Fourier-
Sobolev coefficients does not need to know explicitly the Sobolev SMOP {S,,(z; ) }r>o0,
when (po, pt1) is a (M, N)-coherent pair of order m. However, to get the Fourier-Sobolev
series, we can recursively compute the Sobolev SMOP using (4.8) and S,,(z; \) = P,(z)
for n < m, because the Sobolev norms {s;,4n}n>0 and the coefficients {¢; 41 }n>0,
1 < j < K, already were obtained from the Algorithm 5.5.
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5.1. Two Special Cases

Some sequences involved in Algorithm 5.5 satisfy additional properties when (g, 1)
is a (1, 1)-coherent or (1,0)-coherent pair of order m.

Theorem 5.8. Let (1o, 1) be a (1,1)-coherent pair of order m with corresponding pair
of SMOP ({Pn(2)}n>0, {Qn(2)}n>0), given by

Pr[Lm] (LL') + al’nPJ:E]l(;E) = Qn(x) + bl,nanl(-r)y n 2 07
where a1,0 = b0 = 0. Then,

(i) The Sobolev SMOP with respect to the inner product (4.1), {Sn(x; X) }n>0, satisfies
Sp(x;A) = Py(x) forn <m, and

m-+n

Pm+n($) + al,npm-&-n—l(l‘) = Sm—&—n(x; )\) + Cl,n,)\sm—&-n—l(m; /\)a n >0,

where c19, =0 and

m-+mn

ClnASm+n—1 = al,n||Pm+n—1 Hio + )\(n)m(n + l)mbl,nHQn—lnil-

(i3) The sequences of Sobolev norms {s, }n>0 with s, = ||Sy||3 and constants {c1 2 }n>0
in (5.12) can be computed by

2
CO,nJrl,)\ and (O,n+1,)\

Sm4n+1 = Cl,n—&-l,)\ - = Cl,n,)\ - CO,n,)\Cl,n,Aa n = 0,

Sm+n Cln+1,2
(5.13)
(the above equation holds if (o ny1,x 7 0 for n > 0), and 1 n11.x = Con+1,0/Sntm;
n > 0, holds, with initial conditions c10x = 0, sm = (10,1, and Sp = || Pyl for
n < m, where
n—+m 2 2
ConA = a1, Prtn—1ll, + A)m(n + Dmb1nl|Qu—1lly, (5.14)
(n+m)?

G = [ Pagmllig + 5701 ullPagmrllfg + A0 + 15, [1Qn 5, + 00 1Qn1ll5,]

Furthermore, lower and upper bounds for s,, n > 0, are given in (5.10) by taking
M=N=1.

(i4i) If Cont1,n # 0 for n > 0, then every Sobolev norm Spy4n for n > 0, and each
constant c1 n.x forn > 1, can be represented, respectively, by the continued fraction

2 2
Co,n+1,,\ CO,n+2,)\| o

Sm+n = — -, n>0,
|C1,n+1,/\ |C1,n+2,,\
c = Clanv)\ CO,n)\ CO,n-%—l,)\ n > 1
1 = — — ... > 1.
" CO,n,A [SHEEIN C1,n+2,2 ’
Co,nt1,2 Co,n+2,7
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() If Cony1,n # 0 for n > 0, then the Sobolev norms {s,}n>0 and the constants
{c1,n2}n>0 in (5.12) are

wWnt1(0;N) w@wn(0;A)
i ELS AV n =(oniix————, >0,
= (0N c1,nt1,1 = Co, HA 0N n

sm+n -

(5.15)

where {ww,(x; A) }n>0 is a SMOP with respect to some positive definite linear func-
tional, satisfying the TTRR: wo(x;\) =1, w_1(x;\) =0,

Wnt1(T;A) = (T + G ) wn (T N) — C&n}\wn,l(x; A), n>0. (5.16)

(v) Let f € W™2[I, ug, 1] and let > 07, z—:Sn(x;/\) be its Fourier-Sobolev series.
Then, the Fourier-Sobolev coefficients {fn/sn}tn>0 can be computed using (5.13)
and futn = 0n —C1n A fmtn—1, 1 > 0, where g, is given by (5.5) taking M = N =

1.

Proof. (i) It is immediate from Theorem 4.2.

(i) (5.11) becomes Spim = Cinr — c%n7/\sn+m_1 and Sp4mCin+1,x = Con+t1,n, fOT
n > 0. As a consequence, (5.13) holds. (5.14) follows from (5.3) and (5.7).

(%it) (5.13) becomes

C2 CO,n-}—l,)\

. 0,n+1,\ > . Cl,n,)\ Co,m, 2 >1 . CO,l A

Sm4n = yn2>0, cipr=""——"""—n2>1 cr1= .
Cln41,0 — Smantl Comn  Clin+in 1,01

(iv) From the theory of continued fractions, we can define the sequence {w, »}n>0
by @o,x = 1 and @p41,0 = Sm4n@n,x for n > 0, and, as a consequence, the first equation
in (5.13) becomes

2
Ttz A = CLnt ATt 1A — G a@nr, 720, wix=Con,  wox =1

Thus, since (p,n+1,1 7# 0 for n > 0, from Favard Theorem there exists a sequence of monic
polynomials {@,, (x; A) }n>0 such that @, (0; \) = w, » for n > 0, that is orthogonal with
respect to some positive definite linear functional because (1.5 x,Co,n+1,2 € R for n > 0.
Furthermore, since wy x # 0 for n > 0, then (5.15) follows.

(v) Tt is a straightforward consequence of (5.4). O

Remark 5.9. Similarly to Theorem 5.8.iv., from second equation in (5.13) we can define

€o,n+1,2/C0,n,2 > _ Co,1.x _
o a2 1,00 = 2E 0o and G = 1,

and, as a consequence, it becomes 0y x =1, 01 x = (1,0,),

recurrently the sequence 0,41\ =

Cl,n,)\e o CO,nA 0

C1,1,1
O n = ==01x — Co1.200,n, Onp1x = oA
Co,1,x Co,n,2 Con—1,1

Therefore, if (g, » # 0 for n > 1, from Favard Theorem there exists a SMOP {6,,(z; \) } >0
which satisfies the TTRR

n—1,\» n > 2.

Oni1(x; N) = (x + Cl"’\> On (x5 \) MQn_l(x;)\), n>2,

0,1, CO,nfl,/\
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O2(z; ) = <»T + g;:) O1(z; A) = Coanbo(x; N), O1(z; ) =2+ Cron, GolxsA) =1,

with 6,,(0; A\) = 6, for n > 0, and it is orthogonal with respect to some regular linear

functional which is positive definite if (y, » > 0 for n > 1. Besides, since 6,, » # 0 for
90(0;>\)

OB and

n > 0, then ¢i,1.x = (o,1,2

CO n+1,\ en (07 /\) 071+1(0§ )\)
— = —_— > 1.
CO’n,)\ 9n+1(07 )\) 9 5m+n CO»YL,)\ en (O7 )\) 9 n -

Cln+1,x =

Remark 5.10. When (g, i1) is a (1, 0)-coherent pair of order m, the previous Theorem
holds taking b, ,, = 0, for n > 0. Besides, notice that for n > 0, (o, and (i) become
a constant and a linear function of A, respectively, and as a consequence, from (5.16)
and by induction on n, w,(0; A) is a polynomial in A of degree n with leading coefficient
17 (i + DZ Q2. , for n > 1. Thus, (5.16) reads

Tnae1(N) = (A + an)@n(A) — Bn@n—1(A), n>0, () =1, (5.17)
where @, (A) is the monic polynomial @, (0; )\)/(leol(i + D2 1Qill%,), n > 1, ag =
1Pl /[(1)m]1QollZ, ], Bo =0, and

+ 2
o, WPl + 258 Poncallfy p  abalPrinoalyy
" (n+ Dz, B COPA [ et -

Therefore, if ay, # 0 for n > 1, then the Sobolev norms {s,},>0 and the constants
{¢1,n2}n>0 in (5.12) satisfy
Wnt1(A ~ Ta1(A
5m+n:/€nz%n+z>(\))a n >0, C177L7)\:Kn/%TLE)(\))’ n>1,
with )
(’II + 1)m ||Pm+7l—1Hu0
()3 NQu-1l2,

where {0, (\) }5,>0 is a SMOP in X with respect to some positive definite linear functional,
such that the TTRR (5.17) holds.

fn =+ D5 [Qnl}, Fn=a1n

5.2. A Numerical Example

Now, we deal with a numerical example in order to illustrate our Algorithm 5.5.

Example 5.11. Let us consider the Jacobi weight du®?(z) := (1—2)*(1+z)Px(_1,1)(z)dz,
a,f > —1. Let {13750"’8)}"20 be its corresponding SMOP. From [25, Example 5.1] and
(ﬁ(a’ﬁ)(z)>(M)

n+m

since = ﬁ,(Laer"Ber)(x) for n > 0, it follows that

(n+1)m
(0354 " (03,54 " (03,54 "
(P @) (BRT@) (RRT)
al n a2.n
(n+1)3 b (n)3 > (n—1)3
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= B (@) + b B2V (@), nz0,
holds for a@ > 2 and 8 > 3, where

2n(n+a —2) o dn(n+ B —1)
Cn+a+B-3)2n+a+8-2) M T @n+a+B-D2n+a+p5-3)
. dnn—1)(n+B8-2)(n+8—-1)
T Cnta+B—-)2n+a+B-322n+a+p-2)

bl,n =

Thus, the measures dug := du® =% and dy; := du®=27 form a (2, 1)-coherent pair of
order 3, with P, (z) := PP and Qn(x) = ﬁr(ba_Z’B), for > 2 and g > 3.

With the help of MAPLE, we applied Algorithm 5.5 and Remark 5.7 to the function
f:[-1,1] — R defined by

f(z) = e 3@ 10)* sin(10z),

in order to compute its Fourier-Sobolev coefficients with respect to the Sobolev SMOP as-
sociated with the inner product (g(z), h(z))x = [~ g(@)h(z)dpo+X [T g™ (2)W" (z)dp,
defined by the (2, 1)-coherent pair of order 3, (uo, 1) = (ub!, p?9), ie., (o, 8) = (4,5).
This is possible because f € L7 (=1,1) and f" € L2 (-1,1).

For the choice A = 0.1, Figures 5.1, 5.2, 5.3, and 5.4, simultaneously include plots of
f(x) and the partial sums of degree 30 of its Fourier-Jacobi and Fourier-Sobolev series,
of f/(x) and of the derivatives of both the partial sums of degree 30 of the Fourier-Jacobi
and Fourier-Sobolev series of f(z), of f”(x) and of the second derivatives of both the
partial sums of degree 30 of the Fourier-Jacobi and Fourier-Sobolev series of f(x), and,
of f"(x) and of the third derivatives of both the partial sums of degree 30 of the Fourier-
Jacobi and Fourier-Sobolev series of f(x), respectively, in the intervals [—1, 1], [0.9, 0.98],
[—1,-0.98] and [0.98,1].

From them, there is a numerical evidence that the approximations for f(z) and its
derivatives f'(z), f(x), f"'(x), given by the partial sums of the Fourier-Sobolev series
and its derivatives are better than the corresponding approximations given by the Fourier-
Jacobi series and its derivatives. Indeed, Table 5.1 illustrates this statement, comparing
}t)he errors EF;)LQ, G&Lo’ and E(Jl)w with the errors ES’)LQ, e(szﬁ)m, and Eg)/\, respectively, given

y

] i i ! i %
{0 = 17O = SR = [ 170@) - S0, s 1),

-1
1
1
1

= 110 = SR DIE, = [ (1@ = 88 (w:0) (1 - 2

. . . . . 2
B =119 = SQu0IR = [ (196 - 80w 0) (1 - 2o

-1
1 _ . 2
+00) [ (£ - S§P @) (1= 02+ 0,
-1
for i = 0,1,2,3, and ¢ = J,S, when approaching the function f(z) (i = 0) and its
derivatives f(i)(ac), 1 = 1,2,3, with the partial sums of degree 30 of the Fourier-Jacobi
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Figure 5.1: f(z) and the partial sums of degree 30 of its Fourier-Jacobi and Fourier-

Sobolev series
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Figure 5.2: f/(z) and the derivatives of both the partial sums of degree 30 of the Fourier-

Jacobi and Fourier-Sobolev series of f(z)
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Figure 5.3: f”(z) and the second derivatives of both the partial sums of degree 30 of the
Fourier-Jacobi and Fourier-Sobolev series of f(x)
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Figure 5.4: f"(x) and the third derivatives of both the partial sums of degree 30 of the

Fourier-Jacobi and Fourier-Sobolev series of f(x)
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Table 5.1: Errors of the approximations of f(x) (¢ = 0) and its derivatives (i = 1,2, 3)
with the partial sums of degree 30 of the Fourier-Jacobi (J) and Fourier-Sobolev (S) series
of f(x) and their derivatives

(a) for the norm || - || 2 (b) for the norm || - ||,
il e €5 il G, S
0| 1.05x1077 | 1.33 x 10710 0] 1.92x 1079 | 1.85 x 10~ 11
1 276 x1072 | 2.61 x 1077 1] 1.87x107°% | 3.93 x 107°
2 89.93 2.35 x 1073 2 0.645 2.15 x 10~°
3 1.65 x 108 29.3 3 14682.775 0.305
(c) for the norm || - ||x=0.1

i ES) E§)

0 157.59 4.07 x 1076

1 2.54 x 108 1.39 x 1073

2 2.62 x 1010 4.3

3 || 1.822 x 104 63500.24

and Fourier-Sobolev series of f(x) and their derivatives, Séé)j(x; f),1=1,2,3,£=J25,
for norms || - ||z, [ + ||, and [ - [[x.

28



Acknowledgements

We thank the referees by the careful revision of the manuscript. Their comments
and suggestions have contributed to improve substantially the presentation. The work of
F. Marcellan, J. Petronilho, and N. C. Pinzén-Cortés has been supported by Direccién
General de Investigacién Cientifica y Técnica, Ministerio de Economia y Competitivi-
dad of Spain, under grants MTM2012-36732-C03-01 (FM and NCP-C) and MTM2012-
36732-C03-02 (JP). The work of J. Petronilho was also supported by the Centro de
Matemaética da Universidade de Coimbra (CMUC), funded by the European Regional
Development Fund through the program COMPETE and by the Portuguese Govern-
ment through the FCT - Fundacao para a Ciéncia e a Tecnologia under the project
PEst-C/MAT/UI0324/2011.

References

[1] M. Alfaro, F. Marcelldn, A. Pefia, and M. L. Rezola. On Linearly Related Orthogonal Polyno-
maals and their Functionals. J. Math. Anal. Appl. 287, 307-319 (2003).

[2] M. Alfaro, F. Marcelldn, A. Pefia, and M. L. Rezola. On Rational Transformations of Linear
Functionals: Direct Problem. J. Math. Anal. Appl. 298, 171-183 (2004).

[3] M. Alfaro, F. Marcelldn, A. Pefia, and M. L. Rezola. When do Linear Combinations of Orthog-
onal Polynomials Yield New Sequences of Orthogonal Polynomials?. J. Comput. Appl. Math.
233, 1446-1452 (2010).

[4] M. Alfaro, F. Marcelldn, A. Pefa, and M. L. Rezola. Orthogonal Polynomials Associated with
an Inverse Quadratic Spectral Transform. Comput. Appl. Math. 61, 888-900 (2011).

[5] M. Alfaro, A. Pefia, J. Petronilho, and M. L. Rezola. Orthogonal Polynomials Generated by a
Linear Structure Relation: Inverse Problem. J. Math. Anal. Appl. 401, 182-197 (2013).

[6] A.Branquinho and M. N. Rebocho. On the Semiclassical Character of Orthogonal Polynomials
Satisfying Structure Relations. J. Differ. Equ. Appl. 18, 111-138 (2012).

[7] M. G. de Bruin and H. G. Meijer. Zeros of Orthogonal Polynomsals in a Non-Discrete Sobolev
Space. Annals Numer. Math. 2, 233-246 (1995).

[8] T. S. Chihara. An Introduction to Orthogonal Polynomials. Gordon and Breach, New York
(1978).

[9] A. M. Delgado and F. Marcelldn. Companion Linear Functionals and Sobolev Inner Products:
A Case Study. Meth. Appl. Anal. 11 (2), 273-266 (2004).

[10] A.M. Delgado and F. Marcelldn. On an Extension of Symmetric Coherent Pairs of Orthogonal
Polynomials, J. Comput. Appl. Math. 178, 155-168 (2005).

[11] W. Hahn. Uber die Jacobischen Polynome und Zwei Verwandte Polynomklassen, Math. Zeit.
39, 634-638 (1935).

[12] W. Hahn. Uber Héhere Ableitungen von Orthogonal Polynomen, Math. Zeit. 43, 101 (1937).

[13] A. Iserles, P. E. Koch, S. P. Ngrsett, and J. M. Sanz-Serna. Orthogonality and Approzimation
in a Sobolev Space, In “Algorithms for approximation” II. (Shrivenham, 1988), Chapman and
Hall, London, 117-124 (1990).

[14] A. Iserles, P. E. Koch, S. P. Ngrsett, and J. M. Sanz-Serna. On Polynomials Orthogonal with
Respect to Certain Sobolev Inner Products. J. Approx. Theory 65, 151-175 (1991).

[15] M. N. de Jesus and J. Petronilho. On Linearly Related Sequences of Derivatives of Orthogonal
Polynomials. J. Math. Anal. Appl. 347, 482-492 (2008).

[16] M. N. de Jesus and J. Petronilho. Sobolev Orthogonal Polynomials and (M, N)-Coherent Pairs
of Measures. J. Comput. Appl. Math. 237, 83-101 (2013).

[17] K. H. Kwon, J. H. Lee, and F. Marcellan. Generalized Coherent Pairs. J. Math. Anal. Appl.
253, 482-514 (2001).

[18] F. Marcelldn, A. Martinez-Finkelshtein, and J. Moreno-Balcédzar. k-Coherence of Measures
with Non-Classical Weights. Margarita Mathematica en memoria de José Javier Guadalupe
Hernédndez, (Luis Espafiol and Juan L. Varona, Editors), Servicio de Publicaciones, Universidad
de la Rioja, Logrofio, Spain, 77-83 (2001).

[19] F. Marcelldn and J. Petronilho. Orthogonal Polynomials and Coherent Pairs: the Classical
Case. Indag. Mathem. (N.S.) 6 (3), 287-307 (1995).

29



[20]

21]

F. Marcelldn and N. C. Pinzén-Cortés. Higher Order Coherent Pairs. Acta Appl. Math. 121
(1), 105-135 (2012).

P. Maroni. Une Théorie Algébrigue des Polynémes Orthogonauz. Application auz Polynémes
Orthogonauz Semi-Classiques. In Orthogonal Polynomials and their Applications, (C. Brezin-
ski, L. Gori, and A. Ronveaux, Editors), IMACS Annals Comput. Appl. Math. 9, 95-130
(1991).

P. Maroni. Semi-Classical Character and Finite-Type Relations Between Polynomial Se-
quences. Appl. Numer. Math. 31, 295-330 (1999).

H. G. Meijer. Determination of All Coherent Pairs, J. Approx. Theory 89 321-343 (1997).

H. G. Meijer and M. Bruin. Zeros of Sobolev Orthogonal Polynomials Following from Coherent
Pairs, J. Comput. Appl. Math. 139, 253-274 (2002).

J. Petronilho. On the Linear Functionals Associated to Linearly Related Sequences of Orthog-
onal Polynomsals. J. Math. Anal. Appl. 315, 379-393 (2006).

G. Szegd. Orthogonal Polynomials. Amer. Math. Soc. Colloq. Publ. Series 23, Amer. Math.
Soc. Providence, R. 1., Fourth Edition, (1975).

30



	Introduction
	Basic Tools
	(M,N)-Coherent Pairs of Order (m,k)
	Sobolev OP's and (M,N)-Coherent Pairs of Order m of Measures
	Computation of the Fourier-Sobolev Coefficients for (M,N)-Coherent Pairs of Order m of Measures
	Two Special Cases
	A Numerical Example


