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1 Introduction

Discrete orthogonal polynomials with respect to uniform lattices have at-
tracted the interest of researchers from many points of view [26]. A first ap-
proach comes from the discretization of hypergeometric second order linear
differential equations and thus the classical discrete orthogonal polynomials
Charlier, Krawtchouk, Meixner and Hahn appear in a natural way. As a
consequence of the symmetrization problem for the above second order dif-
ference equations, you can deduce the (discrete) measure with respect to such
polynomials are orthogonal. This yields the so-called Pearson equation that
the measure satisfies.

In the last twenty years, new families of discrete orthogonal polynomials
have been considered in the literature taking into account the so-called canon-
ical spectral transformations of the orthogonality measure. In particular,
when you add mass points to the discrete measure (Uvarov transformation)
the sequences of orthogonal polynomials with respect to the new measure
have been studied extensively (see [12], [3], [2], among others). When you
multiply the discrete measure by a polynomial (Christoffel transformation),
some results are known [30].

From a structural point of view, some effort has been done in order to
translate to the discrete case the well stated theory of semiclassical orthog-
onal polynomials (see [24]). In particular, characterizations of such polyno-
mials in terms of structure relations of the first and second kind, as well as
discrete holonomic equations (second order linear difference equations with
polynomial coefficients of fixed degree and where the degree of the polynomial
appears as a parameter) have been done [22]. Linear spectral perturbations
of semiclassical linear functionals have been studied in the Uvarov case [18].

On the other hand, we must point out that the linear canonical spectral
transformations (Christoffel, Uvarov, Geronimus) of classical discrete orthog-
onal polynomials yield discrete semiclassical orthogonal polynomials. But,
as a first step, it remains open the problem of classification of discrete semi-
classical linear functional of class one. The symmetric discrete semiclassical
linear functionals of class one have been described in [25]. Notice that the
classification of D- semiclassical linear functional of class one was done in [7]
and for class two in [23].

The aim of this work is to provide a constructive method of D,,-semiclassical
orthogonal polynomials based on the Pearson equation that the correspond-
ing linear functional satisfies. We will focus our attention on the classifi-



cation of Di-semiclassical linear functionals of class s = 1. In such a way,
new families of linear functionals appear. Notice that an alternative method
is based on the Laguerre-Freud equations satisfied by the coefficients of the
three term recurrence relations associated with these orthogonal polynomi-
als. Their complexity increases with the class of the linear functional and
the solution is cumbersome. Basic references concerning this approach are
[16] as well as [25].

The structure of the manuscript is as follows. Section 2 deals with the
basic definitions and the theoretical background we will need in the sequel. In
Section 3 we describe the D;-classical linear functionals, as D;-semiclassical
of class s = 0. It will be very useful in the sequel taking into account that
most of the semiclassical linear functionals of class s = 1 are related to them.
Indeed, in Section 4, the classification of such semiclassical linear functionals
is given. Some of them are not known in the literature, as far as we know.
Finally, in Section 5, limit relations in terms of their parameters for semi-
classical orthogonal polynomials are studied.

2 Preliminaries and basic background

Definition 1 Let {11,},, be a sequence of complex numbers and let L be a
linear complex valued function defined on the linear space P of polynomials
with complex coefficients by

(L, ") = pin.

Then, L is called the moment functional determined by the moment sequence
{ttn}nso and py, is called the moment of order n.

Given a moment functional £, the formal Stieltjes function of L is defined
by

Hon
SL(Z) - ontl’

n=0

For any moment functional £ and any polynomial ¢(z), we define the moment
functional gL by
(4L, P) = (L,qP), PeEP.

In the sequel, we will denote the set of nonnegative integers by Nj.



Definition 2 Let L be the linear functional associated with the moment se-
quence {fin},~, and

Mo M1 - Hn
A, =det |11
Hn  Hpy1 -0 Hon

Then, L is said to be reqular/quasidefinite (resp. positive definite) if A, # 0
(resp. > 0) for all n € Ny.

Definition 3 A sequence of polynomials {P, (x)},~,, deg (FP,) = n, is said
to be an orthogonal polynomial sequence with respect to a reqular linear func-
tional L, if there exists a sequence of nonzero real numbers {(,}n>0 Such
that

(L, PP,) = Gkn, k,ne Ny

If ¢, = 1, then {P,(x)},-, is said to be an orthonormal polynomial
sequence. Notice that if the linear functional is positive definite there exists a
unique sequence of orthonormal polynomials assuming the leading coefficient
is a positive real number.

If the leading coefficient of P,(x) is 1 for every n € Ny, then the sequence
is said to be a monic orthogonal sequence (MOPS, in short).

Theorem 4 Let {b,}, o and {Vn},5 with v, # 0 for every n € Ny be
arbitrary sequences of complex numbers and let { P, (x)} a sequence of monic
polynomials defined by the three term recurrence relation (TTRR)

Pn—i—l(x) = («77 - bn) Pn(«r) - ’VnPn—1<‘T)7 (1>
with P_y = 0 and Py = 1. Then, there is a unique linear functional L such
that £ (1) = v and

Proof. See [11, Theorem 4.4] =

If the linear functional is positive definite and {p, ()}, is the corre-
sponding orthonormal polynomial sequence, then the above TTRR formula
becomes

Ani1Pns1(T) = (2 — bp) Pu(T) — anpp1(z),

where a,, is a real number and a? = .
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Definition 5 Let L be a linear functional and U* : P — P be a linear oper-
ator. The linear functional UL 1is defined by

(UL,P) = — (L, U*P), PeP.

Example 6 If U is the standard derivative operator D, we have U* = U =
D.

Definition 7 A regular linear functional L is called U-semiclassical if it
satisfies the Pearson equation U (¢L) + L = 0 or, equivalently,

(U(oL)+yL,P)=0, PeP,

where ¢, are two polynomials, and ¢ is monic. The corresponding orthog-
onal sequence { P, ()}, is called U-semiclassical.

In the literature, semiclassical linear functionals with respect to different
choices of operators have been studied. In particular, if U = D (the standard
derivative operator), the theory of D-semiclassical linear functionals has been
exhaustively studied by P. Maroni and co-workers (see [24] for an excellent
survey on this topic).

If U = D,, where

Do f(z) = f(37+W)—f(iL“), w40,

W

a regular linear functional £ is said to be D,-semiclassical if there exist
polynomials ¢, 1), where ¢ is monic and degiy) > 1 such that D, (¢L)+L = 0.
Notice that

Dyf(z) = flz+1) — f(z) = Af(2),
D_,f(z) = f(z) — f(z — 1) =V [f(z),
are the forward and backward difference operators, respectively, and

lim D, f(x) = Df(x) = f(x).

It U = D,, we define U* = D__,. With this definition, we have A* = V and
when w — 0 we recover the identity U* = D = U.

The concept of class of a D,-semiclassical linear functional plays a central
role in order to give a constructive theory of such linear functionals.
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Definition 8 If L is a D,- semiclassical linear functional, then the class s
of L is defined by

s = (rz)ndijnmax{degd)— 2,degp — 1}.

amonyg all polynomials ¢, such that the Pearson equation holds. Notice that
the class s is always nonnegative.

For any complex number ¢, we introduce the linear application 6, : P — P
defined by
p(z) — p(c)
0. =—r"—"
(n)(w) = P
We have the following result [24].

Theorem 9 The regular linear functional L satisfying the Pearson equation
D, (¢L)+ YL =0

is of class s if and only if

I (e —w)+ (6ed)(c — w)| + | (£, 0c—u( + 6c0)) |) > O,
ceZ(p)

where Z(¢p) denotes the set of zeros of the polynomial ¢(x).
When there exists ¢ € Z(¢p) such that

(e —w) + (0e)(c —w) = (L, 0cu(¢ + 0c0)) = 0,

the Pearson equation becomes
Dy [(0:0)L] + [Oc—u(¥ + 0.9)] £ = 0.

Remark 10 When s = 0, the D,-classical orthogonal polynomials appear
(see [1]). When w = 1 several characterizations of classical orthogonal poly-
nomials have been done in [17]. Indeed, we explain with more detail in the
next section the main characteristics of these polynomials and their corre-
sponding linear functionals.

The Dy-semiclassical linear functionals have been studied by F. Marcellan
and L. Salto and they are characterized following the same ideas as in the D
case. P. Maroni and M. Mejri deduced the Laguerre-Freud equations for the
coefficients of the TTRR of D,,- semiclassical orthogonal polynomials of class
s = 1. In the symmetric case, i.e., the moments of odd order vanish, they
deduce the explicit values of such coefficients and the integral representations
of the corresponding linear functionals are given.
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On the other hand, the Pearson equation yields a difference equation
for the moments of the linear functional and, as consequence, we get a lin-
ear difference equation with polynomial coefficients satisfied by the Stieltjes
function associated with the linear functional. Indeed,

Theorem 11 If L is a D,,-semiclassical moment functional, then the formal
Stieltjes function of L satisfies a non homogeneous first order linear difference
equation

¢ (2) D,Sc(z) = a(2)Sc(2) + b(2),

where a(z) and b(z) are polynomials depending on ¢ and v, with deg(a) <
s+ 1 and deg(b) < s.

3 Discrete semiclassical orthogonal polyno-
mials

In the sequel, we will consider linear functionals
(L, Py =) Plx)p(x),
=0

for some positive weight function p (z) supported on a countable subset of
the real line. With this choice, the Pearson equation

(A(@L)+ YL, P)=0, PeP,

yields
A (¢p) +1bp = 0. (2)

We rewrite this equation as

platl) o) —v(x) _ A) 5
p@) ot D) Gty

with
¢ (@) =x(x+p0)(x+pG) - (z+5),

and
AMz)=clz+ o) (x+a) - (x+q).



Since the Pochhammer symbol («), defined by (o), = 1 and
(a),=a(a+1)---(a+z—-1), zeN, (4)

satisfies the identity

=T+ q, JIGN(),

we obtain
XL

(), (), ¢

x) = —.
o) (Br+ 1), - (B + 1), 2!
We will denote the orthogonal polynomials associated with p (z) by

PT(LZ’T)(I;O{l,...70417/81,...,BT;C>.

The moments of the weight function (5) are given by

S (), (),
n — " = = — = 0, ]_, e
They exist if [27, 16.2]:
1.
[ <r, and ceC. (6)
2.

[>r+1, (7)
one or more of the top parameters «a; is a nonpositive integer, and
ceC.

3.
l=r+1, and || < 1. (8)

4.
l=r+1, |ef=1, and Re(Bi+---+f —a1—---—a)>0. (9)



3.1 Discrete classical polynomials

When s = 0, we solve the Pearson equation (3) with deg (¢) = 1 and
1 <deg(p) <2.

Three canonical cases appear [26]:

deg ()) | deg (¢) | deg(v) = deg (¢ — )
0 1 1
1 1 1
2 2 1

1. If deg (A\) = 0 and deg (¢) = 1,we can take

Nae)=c, d(@)=z, ¢(@)=¢(@)-Aa)=a—c

and from (5) we obtain

p(r)=—, ¢>0, xe&N.

(10)

(11)

The family of orthogonal polynomials associated with the weight func-
tion (11) are known as the Charlier polynomials, and we denote them by

pLo (x; ¢) . They have the hypergeometric representation [20, 9.14.1]

- C

|
P,EO’O) (x;¢) = oFy ( = ;——) , (12)

where the hypergeometric function ,F (z) is defined by
ai,...,a Oo(afl)k"'(ap)kzk
F ( ’ P ;z) = — R (13)
PR\ by, ..., by g(bl)k”'(bq)k k!
The monic Charlier polynomials pLeo (x;c) are given by
BP9 (210) = (=" P9 (z5¢). (14)

It is usual to denote these polynomials by

Cy (x;a) = PO (z:4a). (15)



2. If deg (A\) = 1 and deg (¢) = 1,we can take
Az)=clz+a), o¢@) =z ¢(@)=(1-c)z—_ca, (16)
and from (5) we have

p(x):(a)xc—', a>0, 0<c<l1, z€eN,. (17)
x!

From (8), the condition 0 < ¢ < 1 is needed for the moments to exist.
The first moment p is given by

=3 (), 5 =0-97. (18)

The family of orthogonal polynomials associated with the weight func-
tion (17) are known as the Meixner polynomials, and we denote them
by po (z;a;c¢). They have the hypergeometric representation [20,
9.10.1]

(1.0) (e s ) — —n,—e 1
Pn (l’,O{,C) 2F1 ( « 7]- C) (19>
and the monic Meixner polynomials pro (z; a; ¢) are given by
PO o) =), (57) POV was). @0)
c —

It is usual to denote these polynomials by
M, (w; B, ¢) = P (2 ;).

If we want ¢ to be unbounded, we can use (7) and set & = —N, with
N € N. For the weight function to be positive we need ¢ < 0, and we
obtain the Krawtchouk polynomials P (x; —N;c) with

p(z)=(—-N),—, ¢<0, NeN, ze€ [0,N], (21)

and
¢(x)=x, Y(x)=(1—-c)x+cN. (22)

It is usual to denote these polynomials by

K, (w;p,N) = P (x; ~N; 2 ) :
p—1
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3. If deg (\) = 2 and deg (¢) = 2,we can take
Az)=c@+a)(@+a), ¢@) =z(@+p).
Thus,
b (x) = (x) = Mz)=(1—c) 2>+ (8 — cay — cas) — cara,
and since deg (1)) = 1, we must have ¢ = 1. Hence,
¢(r)=x(x+p), Y(@)=2(8—a—a)—aa, (23

and

_ (), (a2),

From (9), we need Re (5 4+ 1 — a3 — ay) > 0 for the moments to exist.
The first moment f is given by [27, 15.4.20]

1
E, T e No. (24)

(), (), 1 T(B+D)T(B+1—ar—a)
MO_; B+, 2! T(B+1-—a)T(B+1—a)

Thus, we need ay,ay > 0 and S+1 > a;+as. The family of orthogonal
polynomials associated with the weight function (24) are known as the
Hahn polynomials, and we denote them by py (z;aq, a9, 8;1). They
have the hypergeometric representation [13, 10.23.12]
PTEQJ) (z;00, 00, B;1) = 3F ( ~hmEnt oo = f-1 ;1
ag, Q2

(25)
In the literature (see (9.5.1) in [20]), the so called Hahn polynomials
Qn(z;a,7, N) correspond to the choice oy = a + 1, and o = —N,
v=—-N—f—1,with N € N.
On the other hand, another family of Hahn polynomials is (see page 34
in [26])

hy (z;0, B, N) = P®Y (2;64+1,1— N,—N —a;1). (26)

Notice that in [26] the authors consider two different families of Hahn’s
polynomials. The polynomials involved in the corresponding Pearson

11



equations are related by using negative signs for the variable x. Indeed,
for the second family you also have a relation

Bn(x;u,y,N):Pf’l)(x;l—N—l/,l—N,,u;l), (27)

as well as

hn(x;aw@aN):hn(x;_N_a7_N_B>N)' (28)

4 Discrete semiclassical polynomials of class
1

When s = 1, we solve the Pearson equation (2) with deg (¢) = 2 and
1 <deg(¢) <3,
and obtain the following five canonical cases:

deg (1) = deg (¢ — A)

o
)
w| | 0| —| o9
>
N~—
o
D
0
—~
<
S~—

W N | DN DN
DN DN DN N DN

1. If deg (\) = 0 and deg (¢) = 2,we can take
Az)=c, ¢@)=z(x+p), ¢(@)=2"+pFz—c
and from (5) we have

1 c®
(B+1), z

where # > —1 and ¢ > 0.The family of orthogonal polynomials as-
sociated with the weight function (29) are known as the Generalized

p(x) = x € Ny, (29)

Charlier polynomials, and we denote them by poy (x; 8;¢).
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2. If deg (A\) = 1 and deg (¢) = 2,we can take
Aa)=cl@+a), ¢(@)=z(r+p),

and

From (5), we have

pa) = —Da &, (30)

(B+1), z

where a (84 1) > 0 and ¢ > 0.The family of orthogonal polynomials
associated with the weight function (30) are known as the Generalized

Meixner polynomials, and we denote them by P{"" (z;a, B;¢).

3. If deg (\) = 2 and deg (¢) = 1,we can take
Az)=clz+a) (z+ ), ¢(z)=nu.

From (5), we have

C$

p(z) = (1), (@2), L

and from (7) we need oy = —N, with NV € N for the moments to exist.
Setting a1 = a, we get

AMz)=clz+a)(z=N), ¢(@)=u,

and
Y (z) = —cx® +x(Nc—ca+1) + Nca.

We call the family of orthogonal polynomials associated with the weight
function

plz)=(a),(=N), 5, =€ [0,N], (31)

with ¢ < 0 and a > 0, ”Generalized Krawtchouk polynomials”, and we
denote them by pEo (x;a,—Njc).

4. If deg (A) = 2 and deg (¢) = 2,we can take

AMr)=clz+a)(x+a), ¢(x)=z(x+p),

13



and
Y (x) = (1 —c)a* + (B — cay — can) x — cayay.

From (5), we have

_ (), (e2),

and from (8) we need 0 < ¢ < 1, with ajae (5 + 1) > 0. We call the
family of orthogonal polynomials associated with the weight function
(32) ”Generalized Hahn polynomials of type I”, and we denote them

by pY (x5 a1, 95 B5 )

CZ‘
a, r € Ny, (32)

5. If deg () = 3 and deg (¢) = 3,we can take
AMr)=clx+a)(r+a) (@+as), ¢@)=a(x+p)(@+pB)
and
Y(x)=a(x+5)(x+B2) —clrz+ar)(z+ay) (v + as).
For 1 (z) to be of second degree we need ¢ = 1. Thus,
Az)=(z+a)(@+m)(@t+as), o) =z(@+p5)(@+p),

Y (r) = —z? (a1 + g — B + ag — B2)—x (a0 + s + apay — B B2) —aanas,

and from (5) we obtain

_ (1), (@), (a3), -
PO = G, e, TSN (33)

For the moments to exist, (9) gives 81 + 2 — ay — as — a3 > 0, while
positivity demands that ajasas (81 + 1) (B2 + 1) > 0. We call the fam-
ily of orthogonal polynomials associated with the weight function (33)
”Generalized Hahn polynomials of type II”, and we denote them by
p? (75001, 0, 3, B1, P2, 5 1) .

In the next sections, we study these polynomials in detail.
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4.1 Generalized Charlier polynomials

Recall that for these polynomials the weight function is given by

1 c®
p(ﬂ?):( LEGN(),

B+1), 2l

with § > —1 and ¢ > 0. The first moments are

o=y (VO T (B+1), =c Iy (2V/e) T (B+1),

where I, (2) is the modified Bessel function of the first kind [27, 10.25.2].

In [19] Hounkonnou, Hounga and Ronveaux studied the semiclassical
polynomials associated with the weight function

@)= r=0,1 (39
r (L) = 7, T=U L, ....
ST

When r = 2, they derive the Laguerre-Freud equations for the recurrence
coefficients and a second-order difference equation. Note that from (34) we
have

prz+1) ¢

@) @t

and from (3) we conclude that

M (x)=¢, o¢p(x)=2", . (x)=2a"—c

and therefore the orthogonal polynomials associated with p, (z) are of class
r — 1. The case r = 2 is a particular example of (29) with § = 0.

In [33] Van Assche and Foupouagnigni also consider (34) with r = 2.
They simplify the Laguerre-Freud equations obtained in [19] and get

. 1 nu,
Up+1 Up—1 =
Jel—u2

Up = \/Eun—i—lun

with v, = ¢(1 —v2?) and 3, = v, + n. They show that these equations are
related to the discrete Painlevé II equation dPy [32]

(an +b) x, + ¢
1—22

Tp41 +Tpo1 =

15



They also obtain the asymptotic behavior

lim~, =¢, limuv, =0,
n—oo n—oo
and conclude that the asymptotic zero distribution is given by the uniform
distribution on [0, 1], as is the case for the usual Charlier polynomials [21].
In [31], Smet and Van Assche studied the orthogonal polynomials as-
sociated with the weight function (29). They obtained the Laguerre-Freud
equations

(a2,y—¢) (a2 —c) =c(by—n) (b —n+pB), (35)
byt by =n—1-8+2

27
a/?’L

for the orthonormal polynomials. They showed that these equations are a
limiting case of the discrete Painlevé IV equation dPpy [32]

Tn41Tpn = y%—B 5
N _m+E—-§2-C n+E-0/2+C
n T Yn-1 = 14 Dz, 1+,/D '

Finally, in [15] Filipuk and Van Assche related the system 35 to the
(continuous) fifth Painlevé equation Py.

4.2 Generalized Meixner polynomials

For these polynomials the weight function is given by

(@),

Cx
p(r) = Br1D o0 & € No,

(6+1),

with a (8 + 1) > 0 and ¢ > 0. The first moments are

ac
+1

NOZM(a7ﬁ+]—;C)7 ,ulzﬁ M(CM+17/6+2,C),
where M (a,b; z) is the confluent hypergeometric function [27, 13.2.2].
In [28] Ronveaux considered the semiclassical polynomials associated with
the weight function
T C"E
pr () :H(O‘j)x @y r=1,2,...,

=1

16



and in [29] he made some conjectures on the asymptotic behavior of the
recurrence coefficients.

In [31], Smet and Van Assche studied the orthogonal polynomials as-
sociated with the weight function (30). They obtained the Laguerre-Freud
equations

~1 —1—
(un + Un) (un+1 + Un) = acz Un (Un — C) (Un — C%) , (36)
n —-1-
(Un 4+ vn) (Upg1 + vpe1) = % (tup, + ) <Un + C%) ;
n T a—1 -

for the orthonormal polynomials, with

a2 =cn — (a— 1) uy,
a—1

b,=n4+a+c—0—1— Up,.-

c
They also proved that the system (36) is a limiting case of the asymmetric
discrete Painlevé IV equation a—dPry [32].

In [14] Filipuk and Van Assche showed that the system (36) can be ob-
tained from the Backlund transformation of the fifth Painlevé equation Py, .
The particular case of (30) when § = 0 was considered by Boelen, Filipuk,
and Van Assche in [9].

If we set « = —N, N € N in (30), then we obtain

(-N), &
pla) = (B+1), a2
where we now have > —1 and ¢ < 0. This case was analyzed by Boelen,
Filipuk, Smet, Van Assche, and Zhang in [8].

4.2.1 Singular limits

If we let @ — 0 and 8 — —1 in (30), we have p () — p(x) where p(z) is a
new weight function satisfying the Pearson equation

Allx —1)xp] + [z — (c+1)]zp = 0. (37)

Assuming that p (z) satisfies xp(x) = zu(x), for some weight function wu(z),
we get
Al(z — 1) zu]l+ [z — (c+ 1)]zu = 0. (38)

17



Using the product rule
A(fg) = fAg+gAf+AfAg (39)
in (38), we have
zu+ (x — 1) A (zu) + A (zu) + [z — (¢ + 1)] zu = 0,

" zA(zu) + [z — (c+ 1)+ 1]zu=0.

Dividing by x, we obtain
A (zu) + (z — ¢)u = 0.

Comparing with (10), we see that u(z) is the weight function corresponding
to the Charlier polynomials (11), and therefore (37) implies that

~ c’
F(e) =5+ Mo @), (40)
where 0 () is the Dirac delta function.

The orthogonal polynomials Pél’l) (x;0,—1; ¢) associated with the weight
function (40) were first studied by Chihara in [12]. He showed that they
satisfy a three term recurrence relation (1) with

n — 1 s
Cn+1Dn+1 +(n+ ) Dn
and
n? D?

= Cn + 1 DTL—IDTL—‘,-I’

where
B c" M
"onlee+ MK,

and

n Cj
Kn:Zﬁ, K,l :0
j=0

Note that in order that D,, is well defined for all n, we need M > —1, since
K, /e

18



In [5], Bavinck and Koekoek obtained a difference equation satisfied by
these polynomials and in [2] Alvarez-Nodarse, Garcia, and Marcellan found
the hypergeometric representation

1=
Prng) (:L_,(l —176) _ (_C)n 3F1 ( n, 37:; + Dy, ’__> .
D, C
Since .
fim L2 .
Z—r00 (Z)a:

we see that

: M) (o) 1) — (O (e
1\14190})” (2;0,—1;¢) = C,, (z;¢),

where C,, (;¢) is the monic Charlier polynomial (14).

4.3 Generalized Krawtchouk polynomials

For these polynomials the weight function is given by

with ¢ < 0, N € N and a > 0. The first moments are

1 1
po = Cn <— ;——) , 1 =—caNCy_ (—CY -1 ——) )
c c

where C,, (x;a) is the Charlier polynomial (15).
To our knowledge, these polynomials have not appeared before in the
literature.

4.4 Generalized Hahn polynomials of type I

For these polynomials the weight function is given by

(), (a2),

with 0 < ¢ < 1, with aqae (6 + 1) > 0.

IGN(),
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The first moments are

o a17a2_
Ho = 2F1(5+1 70)7

:ca1a2 F (11+1,062+1 e
M1 /B+12 1 B+2 ) )

b : : .
where 5 F ( a,c ;z) is the hypergeometric function.

4.4.1 Singular limits

1) If we let ey — 0,5 — —1 and oy = a in (32), we have p () — p(x) where
p () is a new weight function satisfying the Pearson equation

Allx =1 azp]+[(1 —c)x — (14 ca)]zp = 0. (41)

Assuming that p (z) satisfies xp(x) = zu(x), for some weight function u(z),
we get
Af(lz =D azul+[(1—c)x— (1 +ca)]zu = 0. (42)

Using the product rule (39) in (42), we have
zu+ (r—1)A(zu) + Azu) + [(1 — )z — (1 + ca)] zu = 0,
or
zA (zu) + [(1 =)z — (1 + ca) + 1] zu = 0.
Dividing by x, we obtain

Azu)+[(1—c)x —caju=0.

Comparing with (16), we see that u(z) is the weight function corresponding
to the Meixner polynomials (17), and therefore (37) implies that
~ c’
Fa) = (@), 5+ Mo (). (43)
The orthogonal polynomials associated with the weight function (43) were
first studied by Chihara in [12]. He showed that they satisfy a three term
recurrence relation (1) with

! _cla+n) n B, n+1B,
" ¢-1 n+1B,y c¢—1 B,’
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and
¢ n*(a+n) B2

T e Z1® ntl By aBay
where
B — " (o), M
T Q-onl(1—e) + MK,
and

n J

r
Kn:Z(a>j TR K_1=0.
=0 J:

Note that in order that B,, is well defined for all n, we need M > —1, since
K, /(1—¢)“.

In [10], Richard Askey proposed the problem of finding a second-order
difference equation satisfied by these polynomials. The problem was solved
by Bavinck and van Haeringen in [6], and in [2] Alvarez-Nodarse, Garcia and
Marcellan found the hypergeometric representation

n —n, -z, 1+ Z 1
va”u;a,o,—l;c):(a)n( : ) F( T ;1——).
B_n C

c—1 «,

In this case,

lim PV (2;0,0, —1;¢) = ]/\/[\n (x;a,¢),
M—0

where M, (x; a, ¢) is the monic Meixner polynomial (20).

2) If a; = =N, N € N, we can remove the restriction that 0 < ¢ < 1 and
take any ¢ < 0, with ap ¢ [-N,0], ¢ [-N —1,—1], and as (5 + 1) > 0. If
we let g — — (N — 1) and f — —N, we have p (z) — p(x) where p(z) is a
new weight function satisfying the Pearson equation

Y () =(1—c)a* + (B8 — cay — can) x — caja,

Alz(z—=N)p|+[(1—=c)x+c(N—-1)](x—N)p=0. (44)

Assuming that p(z) satisfies (z — N) p(x) = (z — N) u(z), for some weight
function u(x), we get

Alz(z—N)u+[(1—-c)z+c(N—-1)](x—N)u=0. (45)
Using the product rule (39) in (45), we have

zu+ (z—N+1)A(u)+[(1—-c)x+c(N—-1)](x—N)u=0,
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(x—=N+1)A(@u)+(x—N+1)(x+ Nc—cx)u=0.

Dividing by x — N 4 1, we obtain
A(zu)+[(1 —c¢)x 4+ cNju=0.

Comparing with (22), we see that u(x) is the weight function corresponding
to the Krawtchouk polynomials (21), and therefore (44) implies that
637

F@) = (=N), 5+ Mo (@ = N).

X

4.5 Generalized Hahn polynomials of type II
For these polynomials the weight function is given by

_ (), (02), (@3), 1
pl@) = (Br+1), (Be+1), zl

with 1 + By —ay — ae — a3 > 0, and aqasas (B + 1) (B2 + 1) > 0. The first
moments are

a1, Qlg, (3
= LF 1
Ho 32(/31+1aﬁ2+1’)’
_ Qg 12 (a1+1,a2+1,a3+1 _1>
MG BrD 22\ At2pr2 )

x € Np,

ai, as, a

where 3 F5 ( 161,21)2 3

To our knowledge, these polynomials have not appeared before in the
literature.

;z> is the hypergeometric function.

4.5.1 Singular limits

1) If we let a3 — 0,0y — —1, 1 = [ in (33), we have p(z) — p(x) where
p(z) is a new weight function satisfying the Pearson equation

Alflx=1)(z+B)ap| +[(f—1—a1 —ag)x —aqae — Blazp=0.  (46)

Assuming that p (z) satisfies xp(x) = zu(x), for some weight function u(z),
we get

Alflz=1)(z+p)zu]+[(B—1—0qg —az)z —ajas — flau=0.  (47)
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Using the product rule (39) in (47), we have
(x+ B)ru+zA(z+ B)au] +[(B—1—a1 — ) x — oy — Blau =0,

zA(z+ B)zu] + [(f — a1 — ag) x — ayag] zu = 0.

Dividing by x, we obtain
Allx + B)au] + [(f — a1 — az) 2 — ajag]u = 0.
Comparing with (23), we see that u(x) is the weight function corresponding

to the Hahn polynomials (24) and, therefore, (46) implies that

~ - (041)1 (042)x 1

2) Similarly, if we let a3 = —N,as - —(N —1),0: — =N, aq = «q,
f1 =0, a(f+1) <0in (33), we have p(z) — p(x) where p(x) is a new
weight function satisfying the Pearson equation

Alz(z+8)(x—N)pl+[(-—a+N—-1)z+a(N—-1)](x—N)p=0.

(49)

Assuming that p(z) satisfies (z — N) p(x) = (z — N) u(z), for some weight
function u(x), we get

Alz(z+p)(x—N)ul+[(-a+N-1z+a(N 1) (:c—N)uz(O. |
50
Using the product rule (39) in (50), we have

(x+B)au+ (x — N+ 1)Af(x + B) zu]
+[(B—a+N-1Dz+a(N-1)](z—N)u=0,

or

(x = N+1)Al(z+ 8) zu]
+(x—-N+1[(f—a+N)zx+aNju=0.

Dividing by x — N + 1, we obtain
Al(z+B)zu] +[(f—a+ N)x+aNJu=0.
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Comparing with (23), we see that u(z) is the weight function correspond-
ing to the truncated Hahn polynomials (26), and therefore (49) implies that
(@), (=N), 1
—2 =L _— 4+ Mj(x—N). o1
The orthogonal polynomials associated with the weight functions (48) and
(51) were first studied by Alvarez-Nodarse and Marcellan in [4].

p(r) =

5 Limit relations between polynomials

From the identities [20]
. (Aa),
e e

i = (5)

the following limit relations follow:

and

1. Generalized Hahn polynomials of type II to generalized Hahn polyno-
mials of type I

«
lim P7$3’2) (90;041,%,04,5, = 1> = Pf’” (7500, 0, B50) .
c

a—0o0

2. Generalized Hahn polynomials of type I to generalized Krawtchouk
polynomials

lim P>V (250, =N, §;¢8) = PP (¢;0, —=Nc) .

B—00

3. Generalized Hahn polynomials of type I to generalized Meixner poly-
nomials

lim P*" (x;a, a2, B; i) = PV (w0, B ).
&%)

a2 —>00

4. Generalized Meixner polynomials to generalized Charlier polynomials

n
a—00

lim p{" <$;0z,ﬁ; E) =PV (z;B;¢).
(0%
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5. Generalized Meixner polynomials to Meixner polynomials

lim P (30, 8:08) = M, (@3 a50).
—00

6. Generalized Charlier polynomials to Charlier polynomials

lim PV (z; ;¢B) = Cy (z;0).

B—r00
We also have the singular limits:

1. Generalized Meixner polynomials to Charlier-Dirac polynomials

lim  PMY (20, 8i¢) = Oy (z¢) ® (),
a—0
g — —1

2. Generalized Hahn polynomials of type I to truncated Hahn polynomials
lim PPV (250,09, 8;0) = Qu (w0, 8, N)
Ay — —-N
c—1

3. Generalized Hahn polynomials of type I to Meixner-Dirac polynomials

lim  P@Y (z;0, a9, B;¢) = M, (z;0;¢) ® 6(z),
ag — 0
g — -1

4. Generalized Hahn polynomials of type I to Krawtchouk-Dirac polyno-
mials

lim P (2; =N, a, B;¢) = K, (2;—N:¢) ® 6(z — N),
Qg — —N+1
g — —N

5. Generalized Hahn polynomials of type II to Hahn-Dirac polynomials

lim PP (z;0, 09, =N, B, B; 1) = Qn (z;0, B, N) @ 8(x),
a9 — 0
P2 — —1
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6. Generalized Hahn polynomials of type II to Hahn-Dirac polynomials

lim P75372) ('Ia Q, g, _N767ﬁ2; 1) = Qn (.’L’, &757N)@5(x - N)7
Qg — —N +1
B2—> —-N

where we use the notation @ d (r — xy)” to denote the addition of a
delta function to the measure of orthogonality at the point x;.
We can summarize these results in the following scheme:

P* 5 Hahn @ é(z) Hahn @ 6(z — N)

| 3 1
PPV 5 Meixner @ 6 (x) Krawtchouk @ 0(z — N) Hahn

AN \ I I
po pty — Charlier ® ()

| N\
P,EO’I) Meixner - Krawtchouk
N\ X3
Charlier

6 Concluding remarks

We have described the discrete semiclassical orthogonal polynomials of class
s = 1 using the different choices for the polynomials in the canonical Pearson
equation that the corresponding linear functional satisfies. We have focused
our attention when the linear functional has a representation in terms of a
discrete positive measure supported on a countable subset of the real line.
Some new families of orthogonal polynomials appear as well as some families
of orthogonal polynomials (generalized Charlier, generalized Krawtchouk,
and generalized Meixner) which have attracted the interest of researchers
in the last years taking into account the connection of the coefficients of
the three term recurrence relations with discrete and continuous Painlevé
equations. We have also studied limit relations between such families of or-
thogonal polynomials having in mind an analogue of the Askey tableau for
classical orthogonal polynomials. It would be very interesting to find the
equations satisfied by the coefficients of the three term recurrence relations
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for the above new sequences of semiclassical orthogonal polynomials. Fur-
thermore, an analysis of the class s = 2 will also be welcome in order to get
a complete classification of such a class as well as to check if new families of
orthogonal polynomials appear as in the case of the D-semiclassical orthog-
onal polynomials pointed out in [23].
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