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ABsSTRACT. Weighted Sobolev spaces play a main role in the study of Sobolev orthogonal
polynomials. In particular, analytic properties of such polynomials have been extensively
studied, mainly focused on their asymptotic behavior and the location of their zeros. On
the other hand, the behavior of the Fourier-Sobolev projector allows to deal with very
interesting approximation problems. The aim of this paper is twofold. First, we improve
a well known inequality by Lupag by using connection formulas for Jacobi polynomi-
als with different parameters. In a next step, we deduce Markov-type inequalities in
weighted Sobolev spaces associated with generalized Laguerre and generalized Hermite
weights.
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1. INTRODUCTION

Let P be the linear space of polynomials with real coefficients and P,, be its linear
subspace of polynomials of degree at most n. The so-called Markov-type inequalities
provide estimates of the ratio of the norm of derivatives of a polynomial and the norm of
the polynomial itself. They constitute a basic tool in the proof of many inverse theorems
in polynomial approximation theory (cf. [24, 25, 32] and the references therein).

For every polynomial P € P,, the Markov inequality means that
1P|l oo (j—1,1)) < n2||P||L°°([—1,1])
holds. Chebyshev polynomials of the first kind are optimal, i.e., the above inequality

became an equality for such polynomials (see [8]).

In [15] the above inequality has been extended when you take into account the p norm
(p > 1). Indeed, for every polynomial P € P, you get

1PNl o =11 < C(nyp)n® || Pl o=,

Therein the value of C(n,p) is explicitly given in terms of p and n. Furthermore, you
have an upper bound C(n,p) < 6e'*/¢ for n > 0 and p > 1. In [13] admissible values for
C(n,p) and some computational results for p = 2 are given. Notice that for any p > 1
and every polynomial P € P,

1Pl oq—1,1) < P[Pl o(=1,1))

where C'is explicitly given and it is less than the constant C(n,p) (see [15]).

On the other hand, from a matrix analysis approach, in [10] it is proved that the exact
value of C'(n, 2) is, indeed, the greatest singular value of the matrix A,, = [a; k]Jo<j<n—1,0<k<n,
where a;j = f_ll p;- (x)pr(x)dz and {p,}52, is the sequence of standard orthonormal Le-
gendre polynomials. A simple proof of this result, with an interpretation of the constant
C(n,2) as the largest positive zero of a polynomial as well as an explicit expression of the
extremal polynomial (the polynomial such that the inequality becomes an equality) in the
L?-Markov inequality appears in [17].

For weighted L2-spaces, the analysis of such Markov-type inequalities becomes more
difficult. For instance, let || - ||12((q,0),w) be a weighted L?-norm on P, given by

b 1/2
1Pl o) = ( / rP<x>\2w<x>da:) |

where w is an integrable function on (a,b), —oco < a < b < oo, such that w > 0 a.e. on
(a,b) and all their moments

b
Tp = / x"w(x)dz, n >0,
a
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are finite. Then there exists a constant 7, = v, (a, b, w) such that
(1.1) 1P L2 ((ap)w) < Yl PllL2((ap)w),  for all P e Py,

An upper estimate for such a constant has been done in [3], when w(z) = (1 —
e 12 e [-1,1], X > —1/2; [4] improves this result with lower and upper estimates
for ~,,. More recently, [29] improves the above results.

Also, when we consider the weighted L?-norm associated with the Laguerre weight

w(z) == z% ", a > —1, in [0, 00), the inequality

(1.2) 1P| 20wy < Cant | Plli2w),  for all P € Py,

is proved in [5].
On the other hand, in [27] and [28] the study of lower and upper bounds of the sharp

constant in the above inequality is given by using analytic tools, while they have improved
with the assistance of computer algebra in [30].

There exist a lot of results on Markov-type inequalities (see, e.g., [11, 12, 24], and the
references therein). In connection with the research in the field of the weighted approx-
imation by polynomials, Markov-type inequalities have been studied for different norms
and sets over which the norm is taken (see, e.g., [23] and the references therein). More
recently, the study of asymptotic behavior of the sharp constant involved in some kind of
these inequalities have been done in [5] for Hermite, Laguerre and Gegenbauer weights,
and in [6] for Jacobi weights with parameters satisfying some constraints.

Notice that, from matrix analysis considerations, the sharp constant is the greatest
singular value of the matrix B, = [bj r]o<j<n—1,0<k<n, Where b;} = f_llp;- (2)pg(z)w(x)dx
and {pn}o2, is the orthonormal polynomial sequence with respect to the positive mea-
sure w(x)dx. Thus, from a computational point of view you need to find the connection
coefficients between the sequences {p/,}>° ; and {p,, }5°, in order to proceed with the com-
putation of the matrix. In a second step, you must give the greatest singular value of
the matrix B,,. Notice that for classical weights (Jacobi, Laguerre and Hermite), such
connection coefficients can be found in a simple way (see [1] and [31]).

In [26] it is proved that the best constant
Yo = sup { 1Pl 2(ap)0) 1P L2((apyw) = 1}
PeP,

in (1.1) satisfies

n 1/2
(1.3) T < (Z V”sz||%2((a,b)7w)> :

v=1

The main interest of the above result is however qualitative, since the bound specified
by (1.3) can be very crude. In fact, when w(z) = e * on (—o0,00), the estimate (1.3)
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becomes

n 1/2 :
< 20/ = /=n(n+1)2n+1) = 0(n%/?).
e (D) - (02)

The contrast between this estimate and the classic result of Schmidt [38], which establishes
vE =+/2n, is evident.

We must point out that the nature of the extremal problems associated with inequalities
(1.1) and (1.2) is different. In the first case the constant on the right-hand side of (1.1)
depends on n, while in the second one the multiplicative constant C, on the right-hand
side of (1.2) is independent of n.

On the other hand, for a classical weight w, i.e., such that a Pearson equation (A(z)w(x)) =
B(xz)w(z) holds, where A, B are polynomials of degree at most 2 and 1, respectively, a
similar problem connected with the Markov-Bernstein inequality has been analyzed in [14]
and [16], when you try to determine the sharp constant C(n,m;w) such that

(1.4) JA™ 2P| L0 tyan) < C(0,m50) | Pl L2 ((apy )y for all P € Py

Notice that in [16] the study of sharp constants is also studied for semiclassical weights
satisfying a Pearson equation (A(z)w(x)) = B(z)w(x), where A, B are polynomials with
the constraint that deg(B) > 1 and some boundary conditions on the support of the weight
are fulfilled.

An analogue of the Markov-Bernstein inequality for linear operators T' from P, into
P has been studied in [19] in terms of singular values of matrices. Some illustrative
examples when T is either the derivative (difference) operator with some classical weights
(Laguerre, Gegenbauer in the first case, Charlier, Meixner in the second one) are shown. In
particular, difference inequalities for discrete iterated classical weights have been studied
in [36]. Another recent application of Markov-Bernstein-type inequalities can be found in
[7].

In this contribution, we first focus our attention on a Markov type inequality involving
the L2-spaces associated with the Lebesgue measure and the beta probability measure
supported on [—1, 1] such that the corresponding sequences of orthogonal polynomials are
the Legendre and Jacobi polynomials, respectively.

Let us consider the Jacobi weight w, g(z) = (1—2)*(1+x)” on [~1,1], with o, 8 > —1.
Lupag’ inequality [20] (see also [25, p.594]) gives

1 < Fn+a+p+2) n+q+1 1P|
Loo([_lvl]) — 2a+6+11"(q+ 1)1"(n+ q/ + 1) n L2([7171Lwo¢,5)’

for every n € N and P € P,,, where ¢ = max{«, 8} > —1/2 and ¢’ = min{a, 5}.

By using Lupag’ inequality and the asymptotic behavior of Gamma function, the authors
showed in [21] that there exists a constant ¢;(«, 8), which just depends on « and 3, such
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that
(1.5) 1P| 21,1y < ea(e, B)(n 4+ DB Pl oy,

for every n € N and P € P,,, when max{«a, 5} > —1/2.

Inequality (1.5) is interesting by itself. It has been applied (see [21]) to obtain Markov-
type inequalities in weighted Sobolev spaces associated with vector of measures intimately
related with the classical weights (normal, gamma and beta distributions). The study of
properties of such functional spaces has been done in classical monographs as [2] and
[22], while [18] is a basic reference about weighted Sobolev spaces. In such a sense,
one of our aims is to study bounds for sharp constants for Markov inequalities in the
framework of such Sobolev spaces. Notice that Muckenhoupt inequality for three measures
and the connection with orthogonal polynomials associated with Sobolev inner products
has been given in [9]. Surveys about orthogonal polynomials in weighted Sobolev spaces
are presented in [33], [34], [35].

Our first goal is to improve inequality (1.5) (see Theorem 1.1 below) in two ways.
First, we replace the function ¢ («, 8)(n + 1)““““40‘76}+1 by a smallest one, and we remove
the hypothesis max{a, 8} > —1/2. As a consequence of Theorem 1.1, we improve some
Markov-type inequalities in weighted Sobolev spaces which appear in [21].

THEOREM 1.1. For each o, 8 > —1 we have

(1.6) 1Pl z2-11)) < Ga,s(MIPIL2((-1,100.5)>
for every n € N and P € P, where
Cop(n + 1)maxie 5} if max{a, B} > 1/2,
Gog(n) = Capy/(n+1)log(n +2), if max{a, B} =1/2,
“ CopVn+1, if 0<max{a, B} <1/2,
Cap, if max{a, 8} <0,

for some constant C g which just depend on o and f3.

Note that (1.6) improves (1.5) for every value of o and /3, and Theorem 1.1 does not
have hypotheses on max{«, 5}.

Remark 3.1 shows that inequality (1.6) is “almost sharp”.
2. SOME TECHNICAL LEMMAS

In order to make the proof of Theorem 1.1 more readable, we are collecting in this
section some technical lemmas that will be needed there.

LEMMA 2.1. Let f be a function f : [m,n] — (0,00) with m,n € Z and n > m. If there
exists a constant M > 1 with
1 fG)

MG M
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for every j € Z with m < j <n and s € [0,1], then

&ﬂfﬁ%f@)szw/nﬁ

m

Proof. The hypothesis gives
j+1 j+1
[ s = s,
J J

and thus,
n n—1 n
JRESDOES"D D)
m j=m j=m

The hypothesis also gives

J+1 i+l ' 1 ' 1 '
/j fZ/j T =47 f0) 2 3 fU+1),
and so,
n 1 n—1
[ =5 210,
R £(5)
m j=m+1
Hence,
n - 1 1 n—1 1 n 1 n
[ 1250 Y10+ 5 j_%lfu)) > s 190

We also need the following direct result.

LEMMA 2.2. Let f be a function f: [{,k]NZ — (0,00) with ¢,k € Z. If there exists a
constant M > 1 with
1 __f0G)

MT G+ T
for every j € Z with £ < j < k, then
1 k k
TSP LD D)
j=t

j={,j—L even

IN

k
> fG)
j=t

By C we will denote a constant independent on n, k, j, ¢, which can depend just on «
and 3, and can change its value from line to line and even in the same line. The expression
A =< B means, as usual, that there exists a constant C' such that C~' < A/B < C.



Lupag-type inequality and applications to Markov-type inequalities in weighted Sobolev spaces

LEMMA 2.3. Let a,b,8 >0, and f € L'[0,1] with f > 0 a.e. in [0,1]. Then

1
/ (as + 5P f(s)ds = (a +b)",
0
and the bounds of the quotient depend just on B and f.

Proof. Since f > 0 a.e. in [0, 1], we have

1 1
[ s vy sts)ds < (a v [ gy,
0 0

1 1 1
[ s s ds = [ (as 0P 5(s)ds = (a/2 40 [ f5)ds = O, lat b),
0 1 1/2

/2
and the result holds.

LEMMA 24. Leta> >0 and l,k € Z with 0 < ¢ < k. Then

k

STGHDPGE+H1 -0 e+ 1) < (k+ 1P (k- 0+ 1)°7L

=t

Proof. Note that it suffices to consider the case ¢ < k.
Let us consider the function f : [¢, k] — (0,00) given by

fO) =+t +1-0° Y k+1-t)2FL
Since
< Il .
Jj+s+1
M<1’
T Jts+1-0"
M<2’
“k+1—-5—5"
for every j € Z with 0 < ¢ < j < k and s € [0, 1], we have

i

N = N

(j + 1)B(j +1-— ﬁ)ﬁ_l(k +1— j)a—ﬂ—l

O

1 : 1 : a—pB-1
ﬁmln{w,l}mm{lﬂ }S (

< max{Qﬂil,

1} max {1,077},

Therefore, since ¢ < k, Lemma 2.1 gives

k

i=t ¢

JHs+ 1B +s+1-0 1 k+1—j—s)2 b1

k
Z(j+1)f3(j+1—£)51(k:—i—1—j)°‘ﬁ1x/ t+1)Pt+1-0P" Y k+1—-)2 P dt =: I
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The change of variable s = (t — £+ 1)/(k — £ + 2) gives

(k—+1)/(k—+2) 5 61
Ie,k_/ (s(k—€4+2)+0)" (s(k — £ +2))
1/(k—042)

(1= 8)(k—£+2) 7k~ 0+ 2)ds
= (k—t+2)%! /1 (s(k —£+2) +0)7sP71(1 — s)* P s,
0

since —1> —1land a — B —1 > —1, and so, fas(s) = s771(1 — s)* B~ € Lo, 1].
Lemma 2.3 gives

1
/ (s(k—0+2)+ 0" 11— 9)* P s < (k—£+2+0° < (k+1)°.
0

Note that the bounds of the quotient depend just on « and 3, since f, g depends just on
these parameters. Hence,

I&k = (k‘ + 1)’8(1{7 —{+ l)a_l.

O
LEMMA 2.5. Let a >0 and k € N. Then
k (k+ 1), if a>1/2,
DU+ D)k -+ =< ¢ (k+1)logk+2), if a=1/2,
=0 k+1, if a<1/2.

Proof. Note that it suffices to consider the case k > 0.
Let us consider the function f : [0, k] — (0,00) given by

fO) =@+ 1)(k+1—t)* 2
Since

(41 <1,
T l+s+1 7
<u<27
T k+1-4—s"
for every ¢ € Z with 0 < ¢ < k and s € [0, 1], we have

L+ D) (k+1 =02
(+s+1)(k+1—10—s)22

Therefore, since k > 0, Lemma 2.1 gives

—_ (NN

1 . _ _
§m1n{1,22a 2} S( §max{1,22a 2}.

k k
SO0+ 1)(k — 04 122 x/ (t+1)(k+1— 022 = I,
(=0 0
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The change of variable s = (¢t + 1)/(k + 2) gives

(k+1)/(k+2)
I =/ (s(k+2))((1 = 8)(k+2))** *(k +2) ds
1/(k+2)

(k+1)/(k+2)
= (k+ 2)20‘/ s(1—s)%*2ds.
0

If a > 1/2, then s (1 — s)?*~2 € L'[0,1] and
I =< (k+1)%
Assume that o = 1/2. Since

1—-¢ -1 -1
1— )1 (11—
lim fO s(1-5)""ds — lim & —1,
e—0t log(l/s) e—0t —1/8

we have
I < (k+1)log(k +2).
Finally, assume that oo < 1/2. We have
—(1 —g)g?a2 -1

1—e 2a—2
. fo Ts(1-ys) ds . B
L, 201 =t e T T a1 (0

and so,
I= (k42)%(k+2)"® ) < k41

LEMMA 2.6. Let a >0 and n € N. Then

n k (n+ 1), if a>1/2,
S+ D)+ —0+1)* 2 < ¢ (n+1)log(n+2), if a=1/2,
k=0 (=0 n+1, if a<1/2.
Proof. Assume first a > 1/2. Lemma 2.5 gives
n k n
SE+DTDY @Dk -0+ <) (k4 1) < (n41)*
k=0 £=0 k=0
If « =1/2, then Lemma 2.5 gives
n k
D+ U+ )k —+1)" Zlogk+2 (n+1)log(n +2).
k=0 /=0

Finally, if o < 1/2, then Lemma 2.5 gives

n k n

D+ U+ D(k—E+ 1)<y 1=n+1.
k=0 /=0 k=0
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3. PROOF OF THEOREM 1.1

By symmetry, we can assume that a > .
Let us denote by {Py B }>° o the usual Jacobi polynomials on [—1, 1] orthogonal with
respect to the weight w, g, with the normalization

1 a+p+1
2 I'n+a+1)I'(n+8+1)
ho = | |P&S(2)2(1 — 2)*(1 + 2)Pdz = :
n /_1’ T @FA =) ey e = o T T Tt at B+ 1)

Assume first that «, 8 > 0. We can assume that a + 8 > 0, since otherwise a = =10
and the inequality is trivial with Cpo = 1. Since a > 3, we have a > 0. Assume also
a > f.

In [31, p.460] appears the following connection formula for Jacobi polynomials:

+6+2]+1(’7+ﬁ+1)](n+a+ﬁ+1)3( 7)71 ]P'yﬁ

. g
Pi(x) = 7+6+2 ZO N+ A1 B+1)jn+ry+8+2);  (n—j) )

where (a)j is the Pochhammer symbol (a)y = 1 and
(@) = ala+1)(a+2) - (a+ k1),

for k € Z*. Hence,

for every k € N.
Since o > 3, we have

PP () =

k .
B+ 1))k Z 26425 +1 28+ 1) (k+a+B+1); (a— Bk PP ()

(26 +2)x 4 28 + 1 (B+1);(k+28+2); (k—j) I

k
B (2B+1)j(k+a+ﬂ+1)j( ﬁ)k] 3,8
- @t k+1j202 L S (=T R PR e R )
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If we denote by J;' # the Jacobi orthonormal polynomial of degree k, i.e., Jy b=

h;l/ 2Pk°‘ B , then the previous formula reads as

NtatBil RMT(hita+prn v @

_ B+ Zk:<2J+2ﬁ+1> (26 +1); (k+a+B+1); (@B

(284 1)p41 = B+1);(k+28+2);  (k—j)

\/ 20404 T(k+at DOk +B+1) o

226+1 L'(j+8+ 1)2 J’B ﬁ( )
2j+2684+14T(G+26+1) 7
Hence,
k
TP (@) =3 a7 (@),
=0
where

o [ZktatBl  KMIP(ktatftl) (B4 1)
Rd = 205 T(k+a+D)T(k+B8+1) 26+ )i

(2841 (k+at+B+1); (=B
(B+1); (k+268+2); (k — j)!

I(j+B8+1)2
JITG+28+1)°

\/(2]'—1-254-1)

Since a, 5 > 0,

RT(k+a+p+1)  Tk+1) Tk+a+p+1) . "
Thtat T +B+1) Th+atl) Thtp+y ~FHDER+FDT=L

Since a > 3 > 0, we have

B+  T(E+B+1I(28+1)
28+ g1 T(k+28+2)0(B+1)

= (k+1)""7!

and

(25—’-1)3‘ (k:-l—a+,3+1)j (Oé—ﬁ)k_j
(B+1); (k+268+2); (k — j)!
TG+ 28+D)I(B+ ) k+j+a+B8+1)I(kE+268+2) T(k—j+a—p)
T TG4+ + 1) k+a+B8+D(k+j+28+2) T(a—-B)(k—j+1)
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and, since 0 < j < k,
I'(j+26+1)
LG+p+1)
Tk+j+a+pB+1)
Dk+j7+268+2)
I'(k+26+2)
T(k+a+pB+1)

P(k_j+a_/8)v o a—p—-1
Th—j+1) ~ ka7

= (j+1)%,

= (k+j+ 1) = (k1)

= (k4 1)t

then
¢ KMT(k+a+B8+1) (28+1);(k+a+pf+1); (a—ﬁ)kj\/ T(j+ B +1)?
Th+ta+ O)D(k+B8+1) (B+1);(k+28+2); (k—j)! \JTG+28+1)
=+ (k—j+ 127
and, as a consequence,
arg =< (k+1)"2(k+ 1)1 G+ 1P (k- j+ 1) P71+ 1)1?
= (k)P G )T — 1)

If B = 0, then we stop this process. Assume that 8 > 0. Let us denote by {C}52, the
usual Gegenbauer polynomials on [—1, 1] orthogonal with respect to the weight wy_1 /2 x—1/2,
with A > —1/2 and the normalization
217221 (n 4 2))
nl(n+A)T(\)2
It is well-known (see, e.g., [31, p.444] or [37, p.263]) that

1
= [ 1CHa)P(- a?P ode =
-1

A (2M)n  oac1/2a-1/2
=—-— P ’ .
Let us consider A = 5+ 1/2, and so, A > 1/2.
In [37, p.263] appears the following connection formula for Gegenbauer polynomials:

[n/2]

o (-2 + b)(a—b); (a)ny
) = T, )

§=0
Thus,

[k/2] .
o (=27 41/2) A= 1/2); Ne—j 1y
i) = Zo (k—j+1/2) ! <1/2§k_j Cuay(®):



Lupag-type inequality and applications to Markov-type inequalities in weighted Sobolev spaces 13

If we denote by G)‘ the Gegenbauer orthonormal polynomial of degree k, i.e., G% =
1/ QC,?, then G>‘ J 58 and the previous formula reads as

21227 (k + 2))
\/k:!(k:+>\) L(\)2 Gi(x)

_[kf (k= 2] +1/2)(A ~1/2); W hk—21+1) G55()
(k=3 + 122\ =2k —2j + 12 T(A/27 T+
[’f/Q (k — 2 +1/2) 2N =1/2); Ne—y 1y
- Z (k=7 +1/2) 31 (1/2)5—; S G 22J( !
Hence,
[k/2]
Zbkk 2 G k 2; x),
where

; R (BE+HNTN2 (k=25 +1/2)Y2(A = 1/2); (A)—j
k=27 =\ 21227 (k + 2)) (k—j+1/2)j1(1/2)k; '

Since A > 1/2, we have

¢ D+ DB FATOR o) = (ko 1

2121 (k + 2))
and, since 0 < j < [k/2],
(k=25 +1/2)"2(A —1/2); (Vi

(k—j+1/2)'(1/2)k—;

_ (k=25 +1/2)'PP( + X~ 1/2)T(k — j + N (1/2)

(k= +1/2)0(G + 10k — 5 +1/2)T(A = 1/2)T(})
(k — 25 + 1)V20 4 13/2(k — j + 1)1/2

k—j+1
= (k= 2j + 1)V2( 4 DV 4 1),

~
—~

Hence,
b2 < (k+1)7V2( + D32k — 25 + 1)V2
Let us define by, ; = 0 if j > k or if k — j is odd. Thus,

k
Mo) = b G @), T ZbﬂJEO,
j=0
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and i
J
Za/wJBB ZZCL k,j MJ!?O
7=0 ¢=0
k
=" Z%M_ZWJZ (z),
/=0 =0
with

k
Chp = Z ag, b
j=t
Since f = A — 1/2, we know that
b2 = (k+1)7"2( +1)7 (k- 25 + 1)/,
and so,
bio= (5 +1)7V2(G — e+ 1) e+ 1)V2

if 0 << jandj—{iseven, and bjy = 0 otherwise.

Since a > B > 0, Lemmas 2.2 and 2.4 give
k

o= arbje= Y (k+ D)+ )Pk — i 1)

j=t,j—C even

GHD)TV2G— e+ 1) (04 1)V?

k
=(k+1D)PPE+ )Y G+ DG+ 1) k=i )P
=0

= (k+ 1) 20+ D)YV2(k+1)P(k — €+ 1)1
= (k+1)"Y2(04+ )YV (k — 04+ 1)

Thus, Lemma 2.6 gives

n ok (n+ 1)%, if a>1/2,
Z Zci,e =< Uq(n) := ¢ (n+1)log(n + 2), if o =1/2,
R0 =0 n+1, if o< 1/2.

Let P! (respectively, P2) be the Hilbert space P, with the inner product associated
with the weight w, g (respectively, woo) and orthonormal basis {J;" B Yo (respectively,
{JIS’O}ZZO), and I the identity map I : PL, — P2. The matrix representation of the map
I in the orthonormal bases {J,?’B}Z:O and {J,S’O}zzo is I, = (cge). If || I5,||2 denotes the
induced 2-norm of I,,, then

1 1
/ P(@) e < |13 / P@)2(1 - 2)*(1 + 2)Pda,
-1 -1
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for every P € P, and ||I,,||3 is the best possible constant. Since the 2-norm is at most the
Frobenius norm, we conclude

n k
1113 < Mallfr = YD ce = Ualn),
k=0 5=0
and so, for each o > 3 > 0, there exists a constant C'(a, 3) such that
1

1
(3.7) /_1 P(2)[2dz < Ol B) Ua(n)/ P(2)[2(1 — 2)°(1 + 2)Pda,

—1
for every P € IP,,. This gives the result in this case, with G4 g(n) = \/C(c, f) Ua(n).

If &« > B = 0, then the same argument, with ay, ; instead of ¢ ¢ (since by, j = &y ;, i.e., the
matrix (b ;) is the identity in this case), gives the same result with simpler computations.

If « = > 0, then the same argument, with by ; instead of ¢ (since the matrix (ay ;)
is the identity in this case), gives the same result. The case a = = 0 is trivial.

Assume now —1 < 8 < 0 < a. We have proved that
1

1
/ |P(x)]*dx < C(a,0) Ua(n)/ |P(z)]*(1 — z)%dx,

-1 -1

for every P € P,,. Since 3 < 0, then 2° < (14 z)? for every x € (—1,1) and

1 1
/ F@)(1 - 2)%de < 27 / F@) (1 - 2)*(1 + 2)Pde,

-1 -1
for every measurable function f, and so,

1

1
/ |P(2)2dx < 27PC(a,0) Ua(n) / P(@)2(1 — 2)*(1 + 2)de,
—1 —1

for every P € P,,.

Finally, assume that —1 < 8 < o < 0. Thus, 2* < (1 —2)® and 2° < (1 + ) for every
z € (—1,1) and

1 1
[ s@Pds <278 [ p@Pa- o0 ) s
-1 -1
for every measurable function f. This finishes the proof.

REMARK 3.1. Note that the inequalities in Theorem 1.1 are essentially sharp: Since for
n €N,

1
12ll3 > " e

then the best constant in (1.6) is at least C G p(n)(n + 1)"Y2. Purthermore, ||I,| ry is
likely to be an accurate approximation of ||I||2, as shown in the paper [29].
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4. APPLICATIONS TO MARKOV-TYPE INEQUALITIES IN WEIGHTED SOBOLEV SPACES

In [21, Theorem 2.1] the authors extend the Markov-type inequalities to the framework
of weighted Sobolev spaces in the following way.

THEOREM 4.1. The following inequalities hold.
(1) Laguerre-Sobolev case:

HPlHW’“vQ(quw,...,)\kw) < Can ||PHW’“72(w,>\1w,...7>\kw)7
where w(zx) = x% " in [0,00), a > —1, A\1,..., A\ >0, n €N, PP, and C, is
a constant.
(2) Generalized Hermite-Sobolev case:

||P/”Wm(w,,\lw,...,,\kw) <V2n ||P||ka2(w,)\1w,...,)\kw)7

where w(x) = |x]ae_‘c2 inR,a>0,A,..., 2. >0, neNand P € P,.
(3) Jacobi-Sobolev case:

2
HP,||ka2(w,)\1w,...,)\kw) < COA,,Bn HPHW"*Z(U),)qw,...,)\kw)7
where w(zx) = (1 — x)*(1 + )% in [-1,1], o, > =1, Ai,...,\x > 0, n € N,
P c P, and Cyp is a constant.

(4) Let us consider the generalized Jacobi weight w(x) := h(z)ILj_;|x — ¢;[77 in [a,b]
with ¢1,...,¢ € R, y1,...,7% € R, v > =1 if ¢; € [a,b], and h a measurable
function satisfying 0 < m < h(x) < M in [a,b] for some constants m, M. Then
there exists a constant C1 = C1(a,b,c1, ... ¢y Y1y« Yy m, M) such that

2
HP,HWk’Q(w,)\lw,.“,Akw) <Cin HPHW’“’Q(w,)\lw,...,)\kw)?
for every \,..., A\ >0, n €N and P € P,.
(5) Consider now the generalized Laguerre weight w(z) := h(z)Ii_; |z — ¢;[7e™™ in
[0,00) with¢1 < -+ < ¢, ¢p >0, 71,...,7% €R, v > =1 if¢c; >0, and h a
measurable function satisfying 0 < m < h(z) < M in [0,00) for some constants
m, M.
(5.1) Ifzg;} v; = 0, then there ezists a constant Co = Ca(a,b,c1,...,¢ry Y15, Ve, m, M)
such that

HP,||Wk’2(w,/\1w,...,>\kw) < (s n2 HPHW’“vQ(w,Alw,...,)\kw)7
for every Ai,..., A\ >0, n €N and P € P,.
(5.2) Assume that > v; > —1. Let ro := min{l < j < r|¢; > 0}, and
assume that max{vy;,vj+1} > —1/2 for every ro < j < r. Then there exists a
constant C)y = Ch(a,b,c1,... ¢y Y1, oy Yy my, M) such that

’
||P/||Wk’2(w,)\1w,...,)\kw) < Cé n® HP”Wk’Q(w,)\lw,...,)\kw)7
for every A,..., A\ >0, n €N and P € P,, where

a' =2+ max {0,%0,%0_,_1, .. ,'yr}.
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6) Consider the generalized Hermite weight w(x) = h(x)II"_ |z — ¢; e ™ in R
( g g ]_1 ¥l

with ¢ < -+ < Cpy V1yeeosYr > —1 with Z;Zl v; = 0, and h a measurable
function satisfying 0 < m < h(z) < M in R for some constants m, M. Assume
that max{~;,vj+1} > —1/2 for every 1 < j < r. Then there exists a constant
Cs3 = Cs(a,b,c1y. ..y Cry Y1y ooy Yrymy M) such that

HPIHW’“’Q(w,)\lw,...,)\kw) < C3n HPHkaZ(w,)\lw,...,/\kw)7
for every Ai,..., A\ >0, n €N and P € P,, where

1
a:= maX{Q, b+§}’ b= 1+max{0,*yl,'yg,...,’yr}.

In each case the multiplicative constants depend just on the specified parameters and
they do not depend onn or Ay, ..., Ag.

REMARK 4.1. Note that in (5.2), there is no hypothesis on Z;;% V;-

The

goal of this section is to improve inequalities (5.2) and (6). In fact, we have

the following result. As in the case of Theorem 1.1, we remove here the hypothesis
max{7;,Yj+1} = —1/2.

THEOREM 4.2. The following inequalities hold.

(1)

Consider the generalized Laguerre weight w(z) := h(z)I}_; |z — ¢;[7e™" in [0, 00)

with c; < -+ <¢p, ¢, 20, 71,...,7% €R, 75 > —1 ifc; > 0, and h a measurable
function satisfying 0 < m < h(x) < M in [0,00) for some constants m, M. Assume
that 3% _1v; > —1. Let ro := min{l < j < r|¢; > 0}. Then there evists a
constant K1 = Ki(a,b,c1,...,¢r, Y15+ Yr,m, M) such that

1P Wk 2w agw, . apw) < B0 [ Plwez o aw,... pw)s
for every A1,..., Az >0, n € N and P € P, where

u:=1 +max{1,*yr0,'ym+1, .. ,’yr}.

Consider the generalized Hermite weight w(x) := h(x)Il}_; |z — cj]'yje*“2 in R with
c1 < < ¢y Yy > —1 and 22:1 v; > 0, and h a measurable function
satisfying 0 < m < h(x) < M in R for some constants m, M. Then there ezists a
constant K9 = Ko(a,b,c1,...,¢ry Y15+« Yr,my, M) such that

||P/||Wk72(w,)\1w,.“,)\kw) < Ksn” ”PHW’“’Q(w,)\lw,...,)\kw)’

for every A\i,..., x>0, n € N and P € P,, where

V= = max§ — .
2 27717727 » Ir

In each case the multiplicative constants depend just on the specified parameters and
they do not depend onn or Ai,..., Ag.
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Proof. The argument in the proof of Theorem 4.1 gives the result, by using inequality
(1.6) instead of (1.5).

In the proof of (5.2), the interval [0, 00) in the integral ||P’||%k,2(w) is split into several
subintervals. The power n? is in one of the bounds. The following powers are in the
bounds of the remaining intervals

n - n1+ma‘x{07’y7‘0}’ n- n1+ma‘x{77‘0 7"/T0+1}’ . ’n . n1+max{’77‘71777‘}’ mn - n1+ma‘x{/77‘10}’

where the second term in each product is obtained when (1.5) is applied. Hence, by using
Theorem 1.1, we can replace these powers by

n GO:’Y’I‘O (n),n G’Yro ro+1 (n),....n Gy_in (n),n Gr,0 (n).

Therefore, if max {0, Yros Yro+1s - - - ,’yr} < 1, we obtain a bound of order n?.
If max {O,%«O,%OH, . ,%«} > 1, then we have a bound of order n%, with

U = max {27 I + max {0777“07’77“04-17 s 777“}} =1+ max {1777“07’77“04-17 s 777“}’
and this finishes the proof of (1).
Note that the hypothesis max{v;,v;+1} > —1/2 for every rop < j < r in (5.2) is not
needed, since it was used just in order to apply (1.5), and we apply (1.6) instead of (1.5).

In the generalized Hermite case, the interval R in the integral ||P'||3, , (w) 18 sPlit into

several subintervals. The power n? is in one of the bounds, and the following powers are

in the bounds of the remaining intervals

n1/2n1+max{0,71}7 n1/2n1+max{'yl ,’yg}’ o 7n1/2n1+max{'yr,1,'yr}7 n1/2n1+max{’yr,0}7

where the second term in each product is obtained when (1.5) is applied. Hence, by using
Theorem 1.1, we can replace these powers by

nl/zGom (n), nl/QG%ﬁz (n)v ) n1/2G%7mr (n), n1/2G%0(n).

Therefore, if max {0, Y1, Y2y - - ,’yr} < 3/2, we obtain a bound of order n?.
If max {0,71,72, ... ,fyr} > 3/2, then we have a bound of order n”, with

1 1 3
v :maX{Q, §+max{0,71,72,...,%}} = §+max{§,’y1,vg,...,%},

and this concludes the proof of (2). O
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