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Abstract

In this paper we analyze the behaviour of the zeros of polynomials orthogonal with
respect to the Uvarov perturbation of a positive Borel measure du(z). When the
measure is semiclassical, then its electrostatic interpretation is given.
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1 Introduction and statement of the main results

This paper deals with the behavior of the zeros of the sequence of monic poly-
nomials {p, (A, ¢; x)},>0 orthogonal with respect to the Uvarov perturbation
du(X, c;x) = du(x) + Mo(x — ¢), where du(z) is a positive Borel measure sup-
ported in a finite or infinite interval (a, b), (x —c) is the Dirac delta functional
at ¢, with ¢ € (a,b), and A is a nonnegative real number. In other words this
means that this sequence of polynomials is orthogonal with respect to the
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inner product
b

(b0 = [ P@)a@)du(x) + Mp(e)q(o) M

Let z, (A, ¢), K = 1,...,n, be the zeros of p,(\, ¢;x). If A is a nonnegative
real number then du(\, ¢; ) is a positive measure, and, as a consequence, the
zeros of p,(A, ¢;x) are real, simple, and lie in (¢, b) (resp. in (a,c)) if ¢ < a
(resp. if ¢ > b), that is,

min{a, c} < z,1(A\,¢) < -+ < Tpn(A, ) <max{b,c}.
In particular, if A = 0 we denote by 2, := x,x(0,c) the zeros of p,(z) =
n(0, ¢; ), the sequence of monic polynomials orthogonal with respect to the

measure du(z).

Now, some natural questions arise: Are there values of the parameter A for
which the zeros of p, (A, ¢;x) interlace with the zeros of p,(x)?. Are the ze-
108 Tk (A, ) monotonic functions with respect to the parameter A?. Do the
zeros T (A, ¢) converge when A\ goes to infinity?. If so, what the speed of
convergence is?.

One of our main contributions regards the questions posed above. We provide
an interlacing property as well as the monotonicity and asymptotic behaviour
of the zeros of the polynomial p, (A, ¢; x) with respect to A.

Theorem 1 Let A > 0 and z,1(c), ..., znn(c) be the zeros of the polynomial
r.(c; z) defined below.

(1) If c < a, then
¢ <Tpi(N\¢) <xpy < zpo11(0) < Tpa(Ac) < Tpo < ---
e < Zpein-1(6) < Tpn(A ) < Ty

Moreover, each x, (X, c) is a decreasing function of X\ and, for each k =
1,....,n—1,

lim ,1(\, ¢) = ¢, /\h_}rgo Tnrr1(A, €) = zn_1x(C),

A—00
as well as
. _pn<c)
lim Az, 1(\ ¢c)—c| = ,
e n1(A,¢) = c] K, 1(c,0)rp_1(c;c)

lim Azt (A) — 2n_14(c)] = —Pn(Zn-14(¢))

Ao Ka(e; ) (znp(c) = )l o)l o

(2)




(i7) If ¢ > b, then
Tp1 < Tpi(A,€) < zp_11(c) <---
o < Tt < Tpne1(A €) < Zne1n-1(€) < Tpp < Tpn(A €) < c.

Moreover, each x, (A, c) is an increasing function of A and, for each k =
1,....,.n—1,

lim z,,(\ ¢) = c, /\h_)rgo Tnk(A, €) = zp_11(c),

A—00

and

. Pnl(c)

1 — —
)\LDQO )\[C xn,n(/\v C)] Kn_]_<c, C)Tn_l(c; C) 9

. pn(anl k(c))

lim Az,—1x(c) — (N, )] = ’ ;
A Alenonile) =il Ol = S k(0 — Al G,

Note that the mass point ¢ attracts one zero of p, (A, ¢;x), that is, when A
goes to infinity, it captures either the smallest or the largest zero, according
to the location of the point ¢ with respect to the interval (a,b). In addition,
when either ¢ < a or ¢ > b, at most one of the zeros of p, (A, ¢;x) is located
outside (a,b).

We point out that Theorem 1 is general in two aspects and uses new approaches
to the analyses of zeros: du(x) is any positive Borel measure and ¢ is any value
outside (a,b).

Some particular cases of these polynomials appear in the seminal papers by
H. L. Krall [25] and A. M. Krall [24] devoted to the spectral analysis of fourth
order linear differential operators with polynomial coefficients. T. H. Koorn-
winder [23] analyzed a general situation for Jacobi weights when two masses
are added at the end points of the interval [-1,1]. Later on, in [I5], Krall-
Hermite and Krall-Bessel polynomials are studied in the framework of Dar-
boux transformations.

In [22] analytic properties of orthogonal polynomials with respect to a pertur-
bation of the Laguerre weight when a mass is added at x = 0 are considered.
In [29], the holonomic equation for such perturbations when the mass point
is located in the negative real semi-axis is deduced. In the framework of the
spectral theory of higher order linear differential operators, in [20] and [21]
the authors obtain infinite order differential operators such that the Krall-
Laguerre and Krall-Jacobi are their eigenfunctions, respectively. In particular,
for some choices of the parameters of Laguerre and Jacobi weights they prove
that the differential operator has a finite order.



On the other hand, in [26] the authors deduced the invariance of the semiclassi-
cal character of semiclassical linear functionals under Uvarov transformations
independently of the location of the mass point.

All the above questions concerning the behaviour of the zeros of the poly-
nomials p, (A, ¢;x) were answered for two important and particular cases in
[6] and [7]. The authors considered the cases when du(x) = x“e~*dx with
(a,b) = (0,00) and ¢ = 0, and du(z) = (1—2)*(1+2) dr with (a,b) = (—1,1)

and ¢ = 1, respectively.

We also provide the second order linear differential equation that the poly-
nomial p, (A, ¢; x) satisfies when the measure du(z) in () is semiclassical (for
definition of a semiclassical measure see [30]). This is the main tool for the
electrostatic interpretation of zeros.

Theorem 2 The monic orthogonal polynomial sequence {p, (A, ¢; x)tn>o sat-
isfies the holonomic equation (second order linear differential equation)

A(z;n)(pa(X, e )" + B(x;n) (pa(A, ¢ 2)) 4+ Casn)pa (N c;2) =0, (3)

where
Y — e [p(2)]’

Alwin) = B(x,n) — c,A(z,n)’
B — ) |[B(,n) = B(x,n) + c(¢/ () — A, )]

s B(x,n) — ¢, Az, n)

_cngb( r)? ( (x,n) — cnfl(:L‘,n))/
(B z,n) — cy Az n))
A(z,n)B(x,n) — B(z,n)A(z,n) B(z, )

Clx;n) = = = —¢(x)D )

(zin) B(z,n) — ¢, A(z,n) #(@) ( B(z,n) — chA(x, n))

In order to justify our approach, we must point out that the behavior of the
zeros of orthogonal polynomials has been extensively studied because of their
applications in many areas of physics and engineering. First, the zeros of or-
thogonal polynomials are the nodes of the Gaussian quadrature rules and also
play an important role in some of their extensions like Gauss-Radau, Gauss-
Lobatto, and Gauss-Kronrod rules, among others (see [5], [12] [32]). Second,
the zeros of classical orthogonal polynomials are the electrostatic equilibrium
points of positive unit charges interacting according to a logarithmic poten-
tial under the action of an external field, see Stieltjes’ papers [36], [37], [3§]
and [39], Szegd’s book [0, Section 6.7], and some recent works like D. K.
Dimitrov and W. Van Assche [§], A. Grunbaum [I3] and [14], M. E. H. Ismail



7], and F. Marcellan, A. Martinez-Finkelshtein and P. Martinez-Gonzélez
[27] among others. Third, in a more general framework, the counting measure
of zeros weakly converges to the equilibrium measure associated with a loga-
rithmic potential (see [35]). Fourth, zeros of orthogonal polynomials are used
in collocation methods for boundary value problems of second order linear
differential operators (see [2]). Fifth, global properties of zeros of orthogonal
polynomials can be analyzed when they satisfy second order differential equa-
tions with polynomial coefficients using the WKB method (see [I]). Finally,
zeros of orthogonal polynomials are eigenvalues of Jacobi matrices and its role
in Numerical Linear Algebra is very well known.

The structure of the manuscript is as follows. In Section 2 we prove Theorem [II
It follows from the Christoffel formula, from connections formula for the per-
turbed polynomials in terms of the initial ones and from a lemma concerning
the behavior of the zeros of a linear combination of two polynomials. In addi-
tion, we obtain new connection formulas for orthogonal polynomials obtained
from Uvarov and Christoffel transformations and some results about their ze-
ros. In section 3, we check these results for the Jacobi-type and Laguerre-type
orthogonal polynomials introduced by T. H. Koornwinder [23]. In Section 4
we obtain the holonomic equations that the polynomials p, (A, ¢; x) satisfy us-
ing an alternative approach to the standard ones. We focus our attention on
the electrostatic interpretation of the zeros as equilibrium points in a loga-
rithmic potential interaction of positive unit charges under the presence of an
external field. We analyze such an equilibrium problem when the mass point
is located either on the boundary or in the exterior of the support of the
measure, respectively, for the Laguerre and Jacobi weights transformations.

2 Proof of Theorem 1

In this section, we prove Theorem [Il and present some new results.

Proof of Theorem 1: Le y,x(c) be the zeros of the monic polynomials
qn(c; ) orthogonal with respect to the perturbed measure

dpus (e ) = |2 — cldu(a),

where ¢ € (a, b). This perturbation is the so-called Christoffel perturbation (see
[42] and [43]). It is well known that ¢,(c;z) is the monic kernel polynomial
which can be represented as (see [5l (7.3)])
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where K, (c, ) is the n-th kernel polynomial defined by

Ko (c,2) = Z”: p;(0)p;(x) (5)

=0 ||pj||;2/,

In Chihara’s book [2, Theorem 7.2] we found the following interlacing property
involving the zeros of ¢, (c; ), pp11(x) and p,(x):

e [f c < a, then

Tn+41,1 < Tn < yn,1<c) < Tn41,2 <. < Tnn < yn,n<c) < Tn+1,n+1;

e If ¢ > b, then

Tn41,1 < yn,l(c) < Tn,1 <--- < Tn41,n < yn,n(c) < Tnn < Tn4+1,n4+1-

We introduce the monic polynomials 7,(c; x) orthogonal with respect to the
measure

dps(c; ) = o — cldp(¢;x) = (z — )*dp().
Using () we deduce that

R RN o1 Gl B
Tn<ca l’) - T —c qn+1 (C, l’) qn(c; C) QH(Ca l’)
1
= w—cp [Prt2(x) — dupnir () + enpu()], (6)
where
d = pn+2(c) Qn+1(0; C) o pn+2(c) + pn(c)
n + - mny
Prs1(€)  @alcic) Pr+1(c)
_ QnJrl(C; C) Pn1 (C> o ”pn-i-l ”i KnJrl(Cu C)
e, = : = 3 > 0.
n(c;ic)  pulc) [pall7 Knle,c)

Notice that r,(c; ¢) # 0. If we denote by 2, x(c) the zeros of 1,(¢c; z), then using
the three term recurrence relation

Pi1(x) = (2 = Bu)pn(x) = ympn-1(2),

where

lpn I

<J:pn7pn>u _
[Pn—1ll7

ﬁn - )
[pnll2

n>0, and -,

>0,n2>1,

in (@) we obtain

Tn(c; l‘) = ($ _ 6)2 [(ZL“ - /Bn-‘rl - dn)pn-f—l(m) + (en - ’Yn—i-l)pn(x)] . (7)



On the other hand,

Hpn+1H;2L Koyi(c,c)
= Vil = —-1)>0. 8
T = TR\ K0 ®)

Thus, evaluating r,(c; x) at the zeros x, 1, from (1) and (§),
Sign [ran(c; xni1k)] = Sign [pn(Tnsk)], k=1,...,n+ L.
Since the zeros of p,11(z) and p,(x) interlace, we conclude that
Theorem 3 The inequalities
Tpi11 < Zp1(C) < Tpyr12 < 2na(c) <+ < Tpyin < Znn(€) < Tpginr (9)
hold for every n € N.
In [, (8)] (see also [41]) the authors show that

B Apn(c)
1+ MK, —1(c,c)

Pn(A; 6 2) = pu(2) Ky (e ). (10)

In [I6] another connection formula was obtained . Using the similar idea as in
Proposition 4 in [16] we obtain

Theorem 4 (Connection Formula) The polynomials p, (A, c;x), with the
normalization P, (A, ¢;x) = knpn(A, ¢; ), can be represented as

(N ;) = pu(z) + MK, -1 (¢,¢) (x — &) (¢ ), (11)
where k, =1+ AK,,_1 (¢, c).
Using the interlacing property (@) and the connection formula (I1l), we get
Sign [Pn(\, ¢; xn )] = Sign [N, — ¢)rn—1(c; )], k=1,...,n,
and
Sign [Pn(A, ¢; 2n-1k(c))] = Sign [pn(zn-14(c))], k=1,...,n -1,

which yield the inequalities stated in Theorem 1. It remains to show the mono-
tonicity, asymptotics and the speed of the convergence of the zeros z,, (A, ¢)
with respect to A. Indeed, it follows from the technique developed in [3, Lemma
1] and [7, Lemmas 1 and 2] (see also [33] Theorem 3.9]) concerning the zeros
of a linear combination of two polynomials with interlacing zeros.

We also derive a representation for the monic polynomial p, (A, ¢; x) as a com-
bination of two Christoffel polynomials it will be very useful for obtain the
holomonic equation for p, (A, ¢; x).



Corollary 1 The monic polynomials p, (X, c;x) can be also represented as

pn()‘v & :L‘) = Qn(c; ZL‘) + cn Qn—l(c; I’), (12>
where (c.0) © ol
1+ MK, (c,c) pn_1(c Dnlly
Cp = Yo and Y, = . 13
1+ MK, 1(c,c) palc) {17 )
Using (B]), we obtain
pulz) = Inl (K, (c,2) — Kn_1(c,z)] . (14)
pa(c)
From () and (I4), we have
pn—l(c)
Pn\T) = qn\C5T) — Tn dn—1\C; ). 15
(@) = anlein) =220, (19

Therefore, substituting (@l and (&) in ([I0) we get ([I2]).

In the following we deduce the value Ay of the mass such that for A > Ay one
of the zeros of p, (A, ¢; x) is located outside (a,b).

Corollary 2 Let A > 0.

(1) If ¢ < a, then the smallest zero x,1(\, c) satisfies

Tp1(A c) >a, for A< Ao,
Tp1(Ac) =a, for A=\,

Tn1(A ) <a, for A > A,

where

—pn(a)
K, 1(c,c)(a—c)rn_1(c;a)
(i1) If ¢ > b, then the largest zero x, (X, c) satisfies

Ao = No(n,a,c) = > 0.

Tpn(A,€) <b, for A< A,
Ton(A, ) =0, for X =)\,

Tpn(A,€) >0, for A > A,
where N\g = \o(n, b, c).

The proofs are a consequence of the connection formula ([ITI).



3 Application to classical measures
3.1 Jacobi type (Jacobi-Koornwinder) orthogonal polynomials

Let {p{®®(x)},>0 be the monic Jacobi polynomial sequence which is orthogo-
nal with respect to the measure dp, s(7) = (1—2)*(1+2)?dx, a, f > —1, sup-
ported on (—1,1). We consider the following Uvarov perturbations of dg, s(z)
where either a = —1 or a =1, and A > 0.

du(A, —1;2) = dpag(x) + Mo(z + 1), (16)

du(\, 1;2) = dpag(z) + Xo(z — 1). (17)

Such orthogonal polynomials were first studied by T. H. Koornwinder (see
[23]), in 1984. There, he adds simultaneously two Dirac delta functions at the
end points x = —1 and x = 1, that is,

duyn(r) = dpas(z) + Mé(x + 1)+ No(z — 1).

Denote by {p{@# (X, —1;2)},>0 and {p{*P (N, 1;2)},s0 the sequences of or-
thogonal polynomials with respect (I0) and (7)), with the normalization in-
troduced in Theorem 2, respectively. Then, the connection formulas are

PO =1i0) = g (o) + A (=1, 1)@ + Do ()

and
PO 1 x) = plP (2) + MK, 1 (1, 1) (2 — 1)p! > ().

n

It is straightforward to see that

I Tn+B8+D)I(n+a+p+1)

B =) = S T ()T (6 + DT + 2)T(n + o)

and
1 Tn+a+D)I(n+a+8+1)
205+ T (n)C(a + D)I(a + 2)0(n + B)

K, 1(1,1) =

Recently, several authors ([, [7], [I1]) have been contributed to the analysis
of the behavior of the zeros of p*#(\, —1;x) and p{*# (), 1;z).

Let us denote by x, (a, B; ) == xp (e, B; —1,\) and z, (v, ), k= 1,...,n,
the zeros of pl*? (), —1;z) and p{®? (x), respectively, in an increasing order.
Then, applying Theorem [I we obtain



Theorem 5 ([7]) The inequalities

—-1< J7n,1(057ﬁ; /\) < xn,l(aaﬁ) < xn—l,l(aaﬁ + 2) < xn,Q(a,ﬁ; /\) < xn,Q(a7ﬁ) < -
< xnfl,nfl(oﬁﬁ + 2) < xn,n(&yﬁ; >\) < xn,n(au 6)

hold for every o, B > —1. Moreover, each x, ;(a, B; \) is a decreasing function
of X\ and, for each k=1,...,n—1,

lim Tn (CY, 57 )\) = _17 lim T, k+1 (CY, 57 )‘) = xn—l,k(a7 B + 2)7
A—00 A—00
and

lim )\[:Uml(oz, 5, )\) + 1] == hn(a7 5)7

A—00

[ = zn ke, B+ 2)] hn(a, 5)

Jim Az per(@, 8 0) = 214, B+ 2)] =

2(8 +2) ’
where
, 20T (n)D(B + 2)T(B + 3)I(n + )
n(a, B) = Pin+p+2)T(n+a++2)
From (2))
. ‘ B —p{ (1)
g Akl A+ = e ey
Since non
(1) — (=1)"2"T(n+ B8+ D(n+a+B+1)
n T(B+1)I(2n+a++1)
and
Ko o(-1—1) = 1 T+B+DI(n+a+pB+1)
n—1{—1, T 2081 T (n)T(B 4+ DB + 2)T(n + o)
we obtain
—plaB)(—1) C22TPRI)T(B+2T(B+3)T(n+a) ha(c, )
Koa(—L,—p# (1) Tm+p+2lntatprz )

It also follows from () that

/\IEEO )\[wn,k-i-l (CY, B; /\) - xn—Lk(av B+ 2)]

—pl P (21 k(a5 +2))
Kpo1(=1, =) (zp_1x(c, B+ 2) + 1) [pl™7H) (2))

x:xnfl,k(a75+2)

10



On the other hand, from
n(n+a)(1+2)p " (@) = n(n+a+ B+ 1)p(? (z) + (B+1) (1 —2)[p (z)]
we derive

n(n+a+ 8+ 1)p? (@n-1x(e, B +2))

= —(B+ 1)1 — 21 (e, B+ 2)) [Pl ()

x:xnfl,k(avﬂ—"_z)

as well as

n(n + a)(1+ zp-1k(a, B +2)) [ ()’

r=n_1,5(,5+2)

=[nn+a+p+1)—(B+ 1P (2)]

m:xnfl,k(azﬁ+2)

+(B+ 1)1 — zaorpla, 8+ 2)pl? (2))

:B:znfl,k(avﬁ+2) ’

Using the last two equalities and the differential equation for the Jacobi poly-
nomials

(1=a?) ) @]+ [F—a—(a B+ Dallple ) (@)] +nln+a+ 5+ 1p ) (x) = 0

we obtain

(1 + @n-1x(a, B +2))[p52 ()]

T=Tn—1,k (anB+2)

4B+t a+ Bt 4
= B DA ar@ i) @iela 4+ 2).

Therefore,

)\lgﬁlo )\[l’n,k-kl(a» B; /\) - xn—l,k(a7 B+ 2)]

—p,({"ﬁ) (Tp—1x(e, B+2))
Kyr (1, =) (@i, B +2) + D[P (@)

1 —2p_1k(a, B+ 2)] hpe, B)
2(5 + 2)

x:xnfl,k(a7ﬁ+2)

Let 2, 1(a, B; ) ==z, 1(a, 8; 1, \) be the zeros of p{® (X, 1;z). Then

11



Theorem 6 ([7]) The inequalities
Tpi(a, B) < zpile, B A) <apori(a+2,8) <. <

xn,nfl(ay ﬁ) < mn,nfl(aa 57 )‘) < xnfl,n71<a + 27 ﬁ) < mn,n(“a ﬁ) < (L’n’n(Oé, ﬁ: >\) < 1

hold for every o, > —1. Moreover, each x, (a, 5; \) is an increasing function
of X and, for each k=1,....,n—1,

hl’Il xn,n(a7ﬁ; )\) = 17 )\hm :Cn,k(aa/ﬁ; )‘) - xnfl,k(a + 27 5)7
—00

A—00

and

lim A[l — 2 n(c, 5;A)] = gn(a, B),

A—00

n— 2, n(a,
/\h—{go )\[Z'n,l’k(@ + 27 B) - mn,k(aa 57 )\)] = [1 T l’ké?a_:_ 2)5)] g (Oé ﬁ)

?

where
B 2082 ()T (e + 2)T(a + 3)T(n + B)

gnla, B) = Fn+a+2)T(n+a+3+2)

We can proceed as in the proof of Theorem Bl We only observe that

a+1
n+a+p+1)

n+p
2n

(z — 1)l (x) = plod) () —
n

n—1

(1 + )P ()]

To illustrate the results of Theorem [B, the graphs of 1343‘1’5 )(/\ + e, 1;z), for
a = 3 = 0 and some values of ¢ > 0 appear in Figure[llwhere the monotonicity
of the zeros of ﬁéa’ﬁ)()\, 1;x) as a function of the mass A is clarified.

In Table [l we describe the zeros of ]943‘)"5)@, I;z), with a = 8 = 0, for several
choices of A. Notice that the largest zero converges to 1 and the other two

Table 1

Zeros of ﬁ\g))a’ﬁ)(/\, 1;x) for some values of \.
A x3,1(0,0; \) x32(0,0; \) x3,3(0,0; \)
0 —0.774597 0 0.774597
1 —0.757872 0.0753429 0.955257
10 —0.755305 0.0868168 0.994575
100 —0.755004 0.0881528 0.999446
1000 —0.754974 0.0882886 0.999944

zeros converge to the zeros of the Jacobi polynomial pg’o)(x), that is, they

12



-1t

Fig. 1. The graphs of %a’ﬂ)()\ +¢€,1;z) for some values of e.

converge to x21(2,0) = —0.75497 and x45(4) = 0.0883037. Also note that all
the zeros increase when \ increase.

3.2 Laguerre type (Laguerre-Koornwinder) orthogonal polynomials

Let {p{®(x)},>0 be the monic Laguerre polynomial which are orthogonal with
respect to the measure du(x) = e *dz, o > —1, supported on (0, +00). We
will consider the Uvarov perturbation on du,(z) with ¢ =0

dp(X,0;2) = dp(x) + Ad(x), A > 0. (18)

The polynomial p{®(X;z) = p{®(\,0;x) orthogonal with respect to (IX)
was also obtained by T. H. Koornwinder [23] as a special limit case of the
Jacobi-Koornwinder (Jacobi type) orthogonal polynomial. Analytic proper-
ties of these polynomials have been studied in the last years (see [I], [6], [10],
[22], among others). The connection formula (II) reads

PO z) = pl () + AK,-1(0,0) 2 p{H (2),

where
I'n+a+1)

Kna(0,0) = I(n)T(a+ Dl(a+2)

Now, we will analyze the behavior of their zeros. Let denote by z,, x(a; \) and
Tnr(a), k= 1,...,n, the zeros of the Laguerre type and the classical Laguerre
orthogonal polynomials, respectively. Applying the results of Theorem 1 we
obtain

13



Theorem 7 ([6]) The inequalities

0<zpi(as ) <api(a) <xp_1i(a+2) <zpa(a;)) <
Tpo(a) < < zpogp1(a+2) < Tpp(as ) < 2y (@)

hold for every a > —1. Moreover, each x, (c; \) is a decreasing function of
A and, for eachk=1,....n—1,

lim z,1(a; \) =0, lm x,p1(;A) = 21 6o + 2),
A—o0 A—oo ’

as well as
Jim Az, (a5 A) = gn(@),
i gn(ar)
! A n 7)‘ - bn— 2)| = 5
e [T i1 (X)) — 2poq (o + 2)] o
where - - .
n)l(a+ a+
From (2
_pla)
lim (s ) = —— 2
A—00 K, 1(0,0)p, 7 (0)
Since
(a) _ (—1)nF(n+a+ 1) d K _ F(n+a+ ]_)
we obtain
0 _T@Pe+2le+d)
K,-1(0,0)p4%2(0) T'(n+a+2)
From (2))

lim A[$n7k+1 (a; /\) — xn—l,k(a + 2)]

A—00
—plN (21 (a0 + 2))
Ko1(0,0)2,_ i (a + 2)[p2 ()

T=xp_1,k(a+2)
On the other hand, It is easy to verify that

[ ()]

wp () = pl) (2) +

Thus,

n
= —— P\ (-0 + 2))

(@) (]! _
P @, ey T Tar T

14



and

l'nfl,k(a + 2) [pgl) ({E)]/ T=Tp_1 k(a+2)
a+1 [ ;a)(l‘)]”

— (ol (@) -

n

T=Lp_1,k(a+2) )

T=Tpn—1,k (Ot+2)

Using the last two equalities and the differential equation for the Laguerre

polynomials
[p{ ()] + (@ + 1 = 2)[p (2)] + npi (z) = 0
we obtain
(@) () _ —(n+a+1)
taslat O] =06 e ),
Therefore,
Hm Az, g1 (s A) — 21 k(a0 + 2))]
A—00
_ ) (-1, + 2))
K1 (0,0)20-1 10+ 2)[p57 ()
=z, _1,k(a+2)
I'(n)l(a+2)I(a+2)  gu(a)
B F'n+a+2) Ca+ 2

To illustrate the results of Theorem [7 we enclose the graphs of py' (A + ¢; 2)
for a = 2 and some values of ¢ > 0. The Figure 2] shows the monotonicity of

the zeros of p3 ()\ x) as a function of the mass \

30r

|
"
|

i
_30L i
Fig. 2. The graphs of pga)()\ + g; ) for some values of .
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The table [ describes the zeros of pga)()\; x), with a = 2, for several choices
of A. Observe that the smallest zero converges to 0 and the other two zeros

Table 2
Zeros of pz(,,a)(/\; x) for some values of \.

A x31(2;A) x32(2;\) x33(2;\)
0 1.51739 4.31158 9.17103
1 0.321731 3.64053 8.53774
10 0.0390611 3.5604 8.45936
100 0.00399042 3.55151 8.45049
1000 0.00039990 3.55061 8.44959

converge to the zeros of the Laguerre polynomial péA‘) (x), that is, they converge
to w91(4) = 3.55051 and x95(4) = 8.44949. Note that all the zeros decrease
when )\ increases.

4 Semiclassical orthogonal polynomials and spectral transforma-
tions

We assume that du(x) = w(z)dz, where w(z) is a weight function supported
on the real line. We can associate with w (x) an external potential v (z) such
that w (z) = exp (—v (x)). Notice that if v(x) is assumed to be differentiable
on the support of du(x) = w () dr then

w' ()

o) =—u (z).

If o'(z) is a rational function on (a, b), then the weight function w(z) is said to
be semiclassical (see [30], [34]). The linear functional u associated with w(x),

(w,p()) = [ pla)w (@) da,

satisfies a distributional equation (which is known in the literature as Pearson
equation)
D(o(x)u) = 7(z)u,
where o(x) and 7(z) are non-zero polynomials such that o(x) is monic and
deg(7(x)) > 1. Notice that, in terms of the weight function, the above relation
reads
Ww(z)  1(x)—o(2)

e = PR or, equivalently v'(z) = —

7(x) = o'(x)

o(x)

16



Let consider the linear functional u; associated with the measure du, (¢, z). In
order to find the Pearson equation that u; satisfies, we analyze two situations:

o If o(c) # 0, then

D ((z — ¢)o(z)uy) =D ((x —c)o(r)u) = 2(x — c)o(x)u + (v — ¢)*D(c(x)u)
=20(x)u; + (x — ¢)*1(z)u = [20(2) + (z — ) 7(2)] u.

D (¢(x)ur) = ¥(z)us,

In this case,

with

(20)

It is well known that the sequence of monic polynomials {g,(c; x)},>0, or-
thogonal with respect to du, (¢, z), satisfies the structure relation (see [9] and

[301)

¢(2)D (qn(c; ) = Az, n)gn(c; ) + B(w,1)gn-1(c; 2), (21)
where A(z,n) and B(z,n) are polynomials of a fixed degree, and the three
term recurrence relation (see [4] )

xz Qn(c; SL’) = Qn+1 (C; x) =+ Bn Qn<c; x) + 'vn anl(c; $), n Z O, (22>
with initial conditions go(¢;z) =1 and g_1(¢;x) = 0, and

2 pn+2(c> . Pn+1 (C)

571 = Bn-‘rl + pn+1(C) pn<c) >0

, n=0, (23)

and
5 pn+1(0)pn—1(0)

' [pa(0))”

>0 n>1 (24)

17



Lemma 1 [17] We have

A(x,n)+ A(z,n — 1) +

According to a result by Ismail ([I7], (1.12)) which must be adapted to our
situation since we use monic polynomials, we get

A(m,n)—i—A(x,n—l)—l—(x;B"_l)B(x,n—l):
gyl @l @) =)
o) 2 o) L ) — v,

where wy(z) = (z — c)w(x).

4.1 Uvarov transformations and holonomic equation
We consider the Uvarov transformation of the semiclassical measure dju(z) =
w(z)dz. We stablish the holonomic equation of these polynomials.

Proof of Theorem 2: Applying the derivative operator in ([2) and multi-
plying it by ¢(z), we obtain

¢(@)D (pn(, ;) = ¢(2) D (gn(c; 7)) + cnp(2) D (gn-1(c; ) - (26)
Thus, substituting (21)) in (24]), yields

¢(@)D (pn(A, 6 2)) = Az, n)qn(c; 2)+
[B(z,n) + c,A(x,n —1)] gu-1(c; 2) + e, B(x,n — 1)gu—2(c; ).

Using (22) in the above expression, we obtain

&) (pn(X, ¢;2)) = Az, n)gn(c; ) + B2, n)gn_1(c; ), (27)

where
A(z,n) = A(z,n) — %C:IB(J;, n—1) and (28)
B(x,n)=B(x,n) + e, A(z,n — 1) + ﬁzl (= Bur)Blz,n—1).  (29)

18



Therefore, from (I2) and (27), it follows that

L an@;x)}
A(xvn) B(ZL‘,TL) Qn—l(C; ZL‘)

that is,

L B(z,n) N () oor
an(cix) = B(x, n) — cnfl(a:,n) Pu(d, €5 2) B(x,n) — cnfl(x,n) Dpn(r &)
and

o —A(z,n) , ¢(z) _
an-1(63) = B(m, n) — cnfl(x, n)pn()\’ “ x)+3(x, n) — anzl(il?, n)D (Pn(X, &52))

Substituting the above two expressions in (2II), we deduce

. B(x,n)pp(\, ¢ x) (@)D (pa(As ¢ 2))
@)D (B(x,n) — ey A(z,n)  B(z,n) — c,A(z,n) )

Az, n) < ~B(:1:,n)pn()\,~c;$) B cﬁgb(x)D(pn():, ¢ :):)))
) B(xz,n) — ¢, A(x,n) B(z,n) — ¢, A(x,n)

. jfl(x,n)pn():,c; ) ib(:z:)D(pn()\lC; z)) >
+ Blwn) (B(x,n) — crA(z, n) " B(x,n) — cyA(z,n) )

Then the statement of Theorem 2 follows in a straightforward way.

A different approach to this differential equation appears in [26] using the
fact that the Uvarov transform of a semiclassical linear functional is again a
semiclassical linear functional.

If we evaluate the second-order linear differential equation (@) at x, x(\) =
Zn k(A ¢), then we obtain

A(znk(A);n) (Pn(A, 6 xn,k(A)))” + B(2nk(A); n) (Pn(N, xn,k(/\)))/ =0.

Hence,

(Pn (N 63 20k (N)))" _ B(znk(A);n) . (30)
(Pn(As 2k (V) Al@nr(X);n)
Substituting A(x,, x(A);n) and B(x, x(A);n) in the right hand side of ([B0), we

get

(P, 20k (V)" (B(ak(A),n) = cnAl@n (M) )
(pTL()‘a & xnlk()\)))/ B<xn,k¢()‘)> n) - CnA(ajn,k()‘)v n)
B(zx(A): 1) = B(an(A), 1) + cnA(@nn(A), 1) = cad(2nk(A))

Cngb(zn,k()‘))

19



If we denote Q(z,n) := B(zx,n) — ¢, A(z,n) and using @), @), and 29),
then

Q(x,n) = B(z,n) + ¢, |—2A(x,n) + ¢'(z) — ¥(z) + :yinlB(x,n —1)(. (31)

On the other hand, from (1) and (28), we obtain

B(z,n) — B(xz,n) + ¢, A(z,n) — c,¢' () = —c ().

T s maO))" )
Pn (A, C Ty - nO(z.n B . )
(n (N xn,k(A»)/ =D U Q(z, )] |x—rn,k(/\) P

We consider two external fields

-/

Thus the total external potential V'(z) is given by

b(x)
o) dr and InQ(x,n).

¥(z)

V(z)=— / dz + 10 Q(, n). (32)
¢(z)

Let us consider a system of n movable unit charges in (¢, b) or (a, ¢), depending

on the location of the point ¢ with respect to (a,b), in the presence of the

external potential V'(x) given in [B2). Let x := (xq,...,x,), where xy,...,x,

denote the location of the charges. The total energy of the system is

E(x) = i Vizg) —2 Y. Inlz; — xyl.

k=1 1<j<k<n

In order to find the critical points of E(x) we set

Lo ) Q) L
dx; B =0« o(x;)  Qlzj,n) +21§k§k;ﬁj Lj— Tk IR
(33)
Let f(y) :==(y —x1) -+ (y — ). Thus,
Ylzy)  Qlzgm)  fzy) _ i1 n

o) Qayn) - Flay)

or, equivalently,

f”(y) + i((?;vz)) f’@) =0, y=2a1,...,2,.
Therefore
p B(y;n) ,, C(y;n) - ., .,
() + A(y;n)f (y) + A(y;n)f(y) =0, y=21,...,7,. (34)

20



On the other hand, from @) and ([B4) we obtain f(y) = pn(A, ¢;y), which
means that the zeros of p, (A, ¢; x) satisfy (B3)).

4.2 Electrostatic interpretation of the zeros of Laguerre type orthogonal poly-
nomials

We give an electrostatic interpretation for the zeros of Laguerre type polynomi-
als p{® (X, ¢; 2) which are orthogonal with respect to the measure du(\, ¢; ) =
x%e *dx + No(x — ¢), where ¢ < 0 and A > 0.

We analyze two cases:

1. First, we consider ¢ = 0. Thus, the polynomials pﬁf‘)()\, 0; z) are orthogonal
with respect to
du(X, 0;2) = x% *dx + \o(x).

The measure
dpi(z) = 2t e *dx

satisfies a Pearson equation with (see (20)))
o) =o(x)=xz, Y(@)=0x)+71(x)=a+2—=2a.
On the other hand, the structure relation (2II) reads (see [40])
S(@)D (7 () = Al mpe(x) + Bl mple x),
where

o(x) =z, A(z,n)=n, B(z,n)=n+a+1.
The coefficients ([I3]) and [22]) are

An =n(n+a+1),
L __ 14AE(0,0) P, (0)
" LK, 1(0,0) p(0)
nl'(a+ Dl(a+2) + A'(n+ a + 2)
(n—DMa+ N a+2)+A'(n+a+1)

n(n+ «)

As a conclusion, @(z,n) in ([31I) becomes
Qx,n)=nn+a+1)—c, 2n+1+a—c,) +cpx

with zero
1
Cn
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It is easy to see that 0 < ¢, < n+a+1. Thus, Q(0,n) < 0 and it implies that
u, > 0.

The electrostatic interpretation of the distribution of zeros means that we have
an equilibrium position under the presence of an external potential

In Q(z,n) —In 2%,

where the first term represents a short range potential corresponding to a unit
charge located at u, and the second one is a long range potential associated
with the weight function (see also [I8] and [19]).

2. Now, we take ¢ < 0. In this case du;(z) = (z — ¢)z®e *dx. Thus,

the structure relation (21) for du,(z) is

¢(@)D(gn(c; ) = Az, n)gn(¢; ) + B, n)gn-1(c; 2),

where
¢(.CL') = (iL’ - c)x,
Alz,n)=n|x—(n+1+a,) <1+Z+a>] |
n—1
B(z,n) = n:m[anx— m+1+a,) (n+1+a,+ ).
n—1
From (@) we obtain
(a)
[e% n C (03
(0= ) anl ) = () — LD o1
pn(c)

Taking derivatives with respect to x in both hand sides of the above expression,
and multiplying the resulting expression by z, we derive

@ (.
zqy(c;x) + 2 (x —¢) D (gn(c;2)) = 2D (pgi)l(x)) - ];’z;r)l((c))xD (p;a)(a:)) .

Using the structure relation and the three therm recurrence relation for La-
guerre polynomials we obtain
2qn(c; ) + 2 (x — ) D (gn(c; ) =
(n+ 1) ph(@) + (1) (n+ 1+ ) i (2)

(@) (.
: ];M()) [l (@) + 0 @) (@)
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or

(o)
24u(6; ) + 2 (¢ - ©) Dan(c;2) = m+1ww—n%-mﬁﬁf1p$“)
Pn (€
Piﬁ&(@ ()
—[(nn+1)(n+a)+n(n+a) ) Pl ().
pn(c)
Put
k(@
In = "(a)
pn (c)
and, from (I3,
P (x) = qul(c;w) — vnlqm(a ),
we have

rqn(c;x) + 2 (2 —¢) D (qu(c;x)) = ((z —n) (n + 1) — na,) gu(c; )

- [((n +1)(z —n) — nay,) n <:n+1a) +nn+a)n+14ay)| qu1(c;x)
+nn—1n+a)(n—14a)(n+1+a,) qn_;(c;x).
Using ([22) and (23)
Gt _ () (o)
et () (o)
we obtain
n-1 _ An—1 (n—1)(n—1+a) _ An—1
no (n—1)(n—1+a) 9 1
and, then,
2qn(c; ) + 2 (2 = ¢) D (qu(c; 2)) =
(1) (o = ) = nay) - MO0
+n(n+a) ! (n+1+an)(x—ﬁ~n_1)

(p—1

anl_l (n+1)(x—n)—na,) — (n+ 1+ an)] Gn-1(c; ).

Therefore,

¢(2)D(gn(c;x)) = Az, n)gn (6 ) + B, n)gn-1(c; 2),
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where

¢(r) =z (z—0)

A(x’”):(("+1)($—n)—nan)_n(n+a)(n+1+a") B

an—1

B(z,n) _n(n+a)[
1

Ap—1

(n+1+ay,) (x — Bn_l)

Ap—1

((n—l—l)(x—n)—nan)—(n+1+an)].

Simplifying these expressions we derive

A(x,n):n[x—(n—i—l—l—an) <1+”+0‘>],

Ap—1

B(:v,n):n(n—l—a)[ an x+n—|—1+an (n—Bn_1>—(n+1+an)].

Qp—1 Ap—1

In the last expression, using again (23))

ﬁnzﬁn—kl—{'an—&-l_an:2n+a+3+an+l_an

we obtain

B(x,n):n(::a)[anx—(n+1+an)(n+1+an+a)].

This is an alternative approach to the method described in [29]. Notice that
the Pearson equation for the linear functional associated with the measure
becomes

D (¢u1) = duy
where (see (I9))

¢(x) = (z = ¢)o(z) = (z - c)x,
Y(x)=20(x)+ (z—c)r(x) =2+ (r—c)(a+1—1x).

According to ([23) and (24)),

Ap—1

Bn—l - ﬂn +ap — ap_1, and '771—1 - Tn—1-

n—2

This means that Q(x,n) in ([31)) is the following quadratic polynomial

Q (2,n) = cpr® +rpr + 5,
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with

n + 2 —cp(c+a+142n)

rn:n(n—i-oz)a
n—1

= (cn+ay) (ch—ay) — (cp—an)c— (cn+an) 2n+a+1)
and

sp=Mm+1+a,)[(n+14+a,+a)2n+1+4+a,+a—c—2¢,)+ 2cc,)
+ cacy, 4+ (an — @p_y +1—c).

The zeros of this polynomial are

g = —22; (rn + /72 — 4sncn) ,

n

Taking into account
(x) 2 a+1
= + —
o(xr) x—c x
the electrostatic interpretation means that the equilibrium position for the
zeros under the presence of an external potential

L,

In Q(z,n) —In (z —¢)?z*e®,

where the first one is a short range potential corresponding to two unit charges
located at z;,, and 23, and the second one is a long range potential associated
with a polynomial perturbation of the weight function.

4.3 Electrostatic interpretation for the zeros of Jacobi type orthogonal poly-
nomials

We furnish an electrostatic interpretation for the zeros of Jacobi type polyno-
mials p{®? (), ¢; x) which are orthogonal with respect to the measure

du(\, c;z) = (1 — 2)*(1 + x)°dx + \6(x — ¢),
with ¢ & (—1,1) and A > 0.
For this propose we separate in two cases:

1. First, we consider ¢ = —1. Thus, the polynomials p{®®(\, —1; ) are or-
thogonal with respect to

du(\, —1;z) = (1 — 2)*(1 + 2)°de + \o(x + 1),
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The measure
dp(7) = (v = (=1))dp(z) = (1 —2)*(1 + 2)" de
satisfies a Pearson equation with (see (20)))
$a)=0(@)=1-2" P@)=0c()+7(@)=(B-a+l)—(a+p+3)z.
On the other hand, the structure relation (2I) reads
6(x)D (p7 V() = Az, n)pl™* V() + Bla, n)pi " (),

e 6 —at 1+ (@ntat it
—np—-—a+l+EZnt+a+p+ 1)z

Alz,n) = o tatBil ,

dn(n+a)(n+B+1)(n+a+pB+1)
Cn+a+F+1)22n+a+ p)

The coefficient 7, in ([22) when g, (—1;2) = pl®#*)(z) is

B(z,n) =

< aftl dnn+a)n+B+D(n+a+5+1)
T =M S @2nta+B)C2n+a+B+1)2@2n+a+ B +2)
and
. 1+ AK,(—1,-1) 2n(n + «a) 50
Y1+ MK, (-1, -1) 2n+a+B8)2n4+a+B+1) "
Thus,

Q(z,n) = B(z,n)+

(a+B+1)(B—a+1)
n+a+p+1

Cn [(2n—|—a+ﬁ)cn— ] +2n+a+ B+ ey,

Observe that the zero of Q(z,n) belongs to (—1,1). In fact, after some tedious
calculations we see that

Q) =

Bln) + e [(2n+oz+ﬁ)cn+ 2(2n(n+a22i22/3+f(1a+6+ 2l B}
and

Q(—1) = —20+843(8 + ND(N)D(n + a)T(B + 2)2T(n+ B8+ DI'(n + a + B + 1)A

2n+a+p
1

% 2008 (M) T(n + )T (B+ DT(B+2) + AT(n+ S+ )T (n+a+ [+ 1) =0

26



Using some known properties of the Jacobi polynomials we conclude that
2 2
n(n+a) (pled (-1)" / i)
Cn+a+F+1)2(1+ MK, (—1,-1))

(b2 =0) [ e
Koo (=1,-1) (14 AK, 1 (-1,-1))

Uy = —1+2A

The electrostatic interpretation means that the equilibrium position for the
zeros under the presence of an external potential

InQ(z,n) —In (1 — 2)* (1 + 2)7 2,
where the first one is a short range potential corresponding to a unit charge

located at the zero of Q(z,n) and the other one is a long range potential
associated with the weight function.

2. We take ¢ < —1. Then,
dpi(z) = (v — ) (1 — 2)*(1 + z)’dz
and the structure relation (27)) for the above measure is

¢(2)D(gn(c; v)) = Az, n)qn(c; ) + B(x,n)gn-1(c; ),

¢(x) = (z—c)(l—2?),

1
A(z,n) = aps1(x — Bp) + bos1 — Aan — (@py1vn + )\nbn))\ — 1+ 22
n—1
B(fﬂ, n) - (anJrl(x - 571) + anrl - Anan) )\l + Ap+17n + )\nbn
n—1
_<an+17n + Anbn)x;ﬁn_l‘
n—1
Put )
a,B
Ao = 3(0) = Tt O 3
pn " (c)

From (F]) we obtain

(= ¢) gulc;x) = P& () — Aupl®P) ().
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Taking derivatives with respect to x in both hand sides of the above expression,
and multiplying them by 1 — 22 , we see that

(1 = 2%)gn(c;x) + (2 — ¢) (1 = 2%) D (gu(c; 7))

= (1=2?)D (pyi? (@) = M1 = 2?) D (p)(x))

Since
(1=2)D (p"(2)) = anpl™? () + bupl (@),

where

0 = a2%(z) = —n[f —a+ (2n—|—oz+ﬂ)x]’

2n+a+p

b, = ba,ﬂ _ 4"(” + a)(n + /B)(TL +a+ 6)

v 2n+a+B)22n+a+8-1)
we obtain

(1= 2?)gu(c;z) + (x — ¢) (1 = 2%) D (gu(c; @)

(o8

= AP0 (@) + (s — Ann) P9 () — bl ().
The three terms recurrence relation of monic Jacobi polynomials implies
(1 = 2?)gn(c; ) + (x — ) (1 = 2%) D (gn(c; 2))
- [an+1(x - ﬁn) + bn+1 - )‘nan] p7(za”8) ({L‘) - (an-l—l’Yn + )\nbn)pizoi?) (I’)

From (I3]) and (33]),

pleod)

Then
(1= 2®)gn(c;2) + (v — ¢) (1 = 2°) D (gn(c; )
= [an—H (:13 - ﬁn) + bpy1 — /\nan] Qn(c; I)

— [(ans1(z — Bn) + b1 — Anan) )\i + Apt1Yn + A | @n-1(c; )
n—1

(anJrl’Yn + )\nbn)%Qn72(cu .CC)
n—2
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From (22)) for monic kernels,

(1= 2%)gn(c; ) + (x — ) (1 = 2%) D (gn(c; 7))

= [ant1(x — Bn) + bug1 — Man] ¢u(c; )
(¢; )

- (an+1 ($ - Bn) + bng1 — )‘nan) )\’Ynl + Ant1Yn + Anbn | G
Yn—1 (l’ - Bn71>Qn71<C; ill') - qn(ca .CC)

a’n n + )\nbn ~

(anry ))\an Tn—1
According to (23) and (BH), we obtain

’N)/nfl _ )\nfl

Tn—1 )\an

Therefore
(1= 2*)gn(c;2) + (v —¢) (1 = 2%)D (gu(c; )

n—1

- [anJrl(x - ﬁn) + bn+1 - )\nan - (anJrlan + )\nbn)%} Qn(c7 I)

T — Bn—l

- [(an+1 (.CE - ﬁn) + bn+1 - )\nan) % + Ap+17n + )\nbn
_(an—l—l/}/n + )\nbn) )\n_l

Josten

Thus
¢(x)D(gn(c; ) = A(x,n)qn(c;2) + B(x,n)gn-1(c; ),
where
¢(z) = (z — c)(1 —z?),
— (@ns17n + )\nbn)i — 1422,

A(.Z‘, n) = anJrl(x - ﬁn) + bn+1 - )‘nan
l + Ap+17n + )\nbn

B(,n) = (auss (@ = B) + b = ) 5
n—1

_(an—kl/yn + /\nbn) 1;571—1
n—1

Simplifying these expressions we have
A(ilf, n) = An,O + Amll‘ -+ An72232

and
B(.’E, n) = Bn,O + Bn,lx + Bmgﬂj‘?.
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Notice that the Pearson equation for the linear functional associated with the
measure
dpn(z) = (z = o) (1 — 2)*(1 + ) d
becomes
D (¢uy) = Puy,
with (see (I9))

8(2) = (& — Aola) = (& — )(1 - ),
Y(x) =20()+ (z —o)r(x) =2(1 —2?) + (. — ) (B —a— (a+ B+ 2)z),

which means that @ (z,n) is the following quadratic polynomial

Q (x,n) = B(z,n)+c, l—ZA(x,n) + ¢ (z) — P(x) + ﬁi:B(x, n— 1)]

’VLB’I'L—
= an,z + (a +B84+1—-2A,,+ C”) cn] 2
Tn—1

> B,
+ {%“ + Bp1—[a(c=1)+ B(c+1)+ 2An71]cn} T
n—1
2 B,_
+Bpo — 2400+ 1+ cla — B)]en + ’%710
n—1

Taking into account

Y(x) 2 _a+1+6+1
pz) r—c 1-—z 142’

the electrostatic interpretation means that the equilibrium position for the
zeros under the presence of an external potential

In Q(z,n) —In(z —¢)* (1 — 2)*+ (1 + )+,
where the first one is a short range potential corresponding to two unit charges

located at the zeros of Q(x,n) and the second one is a long range potential
associated with a polynomial perturbation of the weight function.
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