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Abstract

In this contribution we deal with sequences of monic polynomials orthogonal with respect to the Freud
Sobolev-type inner product

mmzémmmw“m+MWM@+Mmmww

where p, ¢ are polynomials, My and M; are nonnegative real numbers. Connection formulas between these
polynomials and Freud polynomials are deduced and, as an application, an algorithm to compute their
zeros is presented. The location of their zeros as well as their asymptotic behavior is studied. Finally, an
electrostatic interpretation of them in terms of a logarithmic interaction in the presence of an external
field is given.

Keywords: Orthogonal polynomials, Exponential weights, Freud-Sobolev type orthogonal polynomials,
Zeros, Interlacing, Electrostatic interpretation.

AMS Subject Classification: 33C45, 33C47.

t Corresponding author.

1. Introduction

Let IP be the linear space of polynomials with real coefficients, and let us introduce the following inner
product

@ﬂriémma@fﬁm,pﬂep (1)

Let {F,,(x)}n>0 be the corresponding sequence of monic orthogonal polynomials (MOPS, in short). Since
the linear functional u associated with w(z) = e e

@m@»=4ﬂ@ﬂ@w,

satisfies the distributional (or Pearson) equation
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where o(z) = 1 and 7(z) = —42?, {F,,},>0 constitutes a family of semi-classical orthogonal polynomials
(see [18], [21]). Indeed, this is a particular case of the so-called Freud type inner products [4].

Recent studies about this type of weights, including some parameters in the weight function w(x), are
[8], [9] and [11].

In this contribution, we consider the diagonal Freud Sobolev-type inner product

(p.q), = (p.q) + p" (0)Mq(0), (2)

where

p(0) = [p(0),p'(0),...,p'?(0)]"
is a column vector of dimension s + 1, the column vector q(0) is defined in an analogous way, and M is
the diagonal and positive definite (s 4+ 1) x (s 4+ 1) matrix

M = diag [Mo, My, ..., M), M €Ry k=0,1,---,s.
Thus, (2) reads

S
(), = (p.a) + Y Mip™(0)g™(0). (3)
k=0

We will denote by {@y, () }n>0 the MOPS with respect to the above inner product. This is the so called
diagonal case for Sobolev-type inner products, see [2]. If there are no derivatives involved therein (i.e.,
s = 0), the polynomials orthogonal with respect to (3) are known in the literature as Krall-type orthogonal
polynomials, and they are orthogonal with respect to a standard inner product, because the operator of
multiplication by x is symmetric with respect to such an inner product, i.e. (xp,q)s=0 = (p,xq)s=0,
for every p,q € P. On the other hand, when s > 0 (2) becomes non-standard, and the corresponding
polynomials are called Sobolev—type orthogonal polynomials. In this work we consider the Sobolev case,
so we will refer Q,(x) as Freud-Sobolev type orthogonal polynomials.

The structure of the manuscript is as follows. In Section 2 we present the basic background regarding
these polynomials, as well as some connection formulas between monic Freud-Sobolev type and monic
Freud orthogonal polynomials. These results will be used in the sequel. In Section 3 we present an
algorithm to numerically compute the zeros of the Freud-Sobolev type orthogonal polynomials, as the
eigenvalues of a certain matrix. In Section 4 we study some analytic properties of zeros of Freud-Sobolev
type orthogonal polynomials, in particular interlacing and asymptotic behavior. Section 5 is focused on
the second order linear differential equation that such polynomials satisfy. As a direct consequence, the
electrostatic interpretation of these polynomials in terms of a logarithmic potential interaction and an
external potential is presented.

2. Background

Freud orthogonal polynomials are very well known in the literature. In the next Proposition, we
summarize some of their properties that will be used in the sequel.

Proposition 1. Let {F,(z)}n>0 denote the sequence of monic polynomials orthogonal with respect to
(1). Then, the following structural properties hold.

(I) Norm.
IFall? = / (o (o)) 2" da.

(IT) Three term recurrence relation (see [12]). Since w(zx) is an even weight function, the family
{Fn(x)}n>0 is symmetric. For everyn € N,

xF,(x) = Frq1(z) + aiFn_l(:r), n>1, (4)

with F_1 := 0, Fy(x) =1, Fi(z) = x. Also, a? = %, n>1,a)=0, and

W2 Jp PPw(x)da _ I (
! Jpw(z)dx r(1)’
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(III) String equation (see [23, (2.12)]). An important feature of these polynomials is that the recurrence
coefficients a, in the above three term recurrence relation, satisfy the following nonlinear difference
equation

4a? (aiﬂ +a? + aiq) =n, n>1

This is known in the literature as the string equation or Freud equation (see [12], [14, (3.2.20)],
among others).
(IV) ([19, Th. 5]). The polynomials F, () satisfy

Fy(x) = —4zay Fy(2) + 4a3, én (2) Foa (2), (5)
and

Fl(z) = [16a,2” —4a; — 16a;¢n(2)dn-1(2)] Fu(2) (6)
+[8aZz + 16a2 23 d, (2)]Fp1 (),
where (see [19, eq. (14)])
bn(z) =al,y +a2 +a°
(V) Asymptotic behavior of the coefficients of the three term recurrence relation (see [15], [20])
nyz 1
2 _ (M —4
anf(u) {1+24n2+0(n ) (7)

(VI) Strong inner asymptotics (see [19, Th. 1], and eq.(8) in [20]). Let {fn}n>0 denote the sequence of
polynomials orthonormal with respect to (1). That is,

(@) = W Fn(x) = ypa™ + lower degree terms,
where vy, = (||Fn\|2)71/2 > 0. Then,

fn (z) = Ae™' /218 %

64"/ 4 1/4,1/4 n—1 1
sin (27) n/ g 4 127/ 4t/ 48 5 7 +o(n™/%), (8)

where A = ~/12/\/m, uniformly for x in every compact subset A C R.

The kernel polynomials associated with the polynomial sequence {F}, },,>0 will play a key role in order
to prove some of the results of the manuscript. The n-th degree reproducing kernel associated with
{Fn}n>0 is (see [7, Ch. I-7], [22])

n

Fe(2)Fi(y)
Kn(z,y) = Z TEIE
k=0
For x # y, the Christoffel-Darboux formula reads

Ky (z,y) = L Fapi(@)Fa(y) = Fraa(y) Fu(2)

[ 2 -y ’
and its confluent expression becomes
- [F(2)]? F (@) Fy(z) — F(2) Frga (2)
K, (x,z) = = . 10
(@2 =2 TR Ak 1)

We introduce the following standard notation for the partial derivatives of the n-th degree kernel K, (z, y)

IITREK, (2,y)

T K9® (z,y), 0<j,k<n. (11)



Thus,
1

= — X
|[Frn—1]l?

{Fn(x)Fn—l(O) — F1(2) F(0) 4 Fo(z)F;,_1(0) — Fn_l(I)F’r/l(O)]

2 T

KOV (2,0) = KV (0,2) (12)

)
and, considering the coefficient of x in the above expression, we have

1

KMV0,0)= ——x
nfl( ) ||Fn71‘|2

6 + 2

[FA”(O)FnNO) — F) 1 (0)Fa(0) | FY(0)F,_1(0) — Fé’l(O)FA(O)] .
From (10
1 F(0)F—1(0) — F_1(0)F, (0)

[ Enall? ’

Kn—l(oa O) =

and taking limit in (12) when z — 0, we get

1 FJ(0)F,-1(0) — F;/_1(0)F,(0)
Kv(z—Jl) (070) = K’r(Ll—ﬂ)(OvO) = ||F 71H2 2 : .

Taking a suitable index shifting in the last three expressions, we conclude
—F5,1(0)F2n (0)
[Fon—all*
0,1 1,0
K3 Bi(0,0) = K5,.%(0,0) =0, (13)

1 F3,(0)F3,_1(0)  Fy_1(0)F2,(0)
| Fon—1][? 2 6

K5,-1(0,0) =

1,1
KQ(nf)l(OJO) =

as well as
F3,11(0)F20(0)
[Fanll?
ESP0,0) = K57(0,0)=0, (14)

1 F) (0)F5,(0)  F3.(0)F3,.1(0)
K(l,l) o 2n+1 n T 2n 2n+1
2n (07 0) HF2’I’LH2 6 2

K5,(0,0) =

Another interesting property of the Freud kernels arises from the symmetry of {F,(z)},>0. From
(10) and (11) we have

n—1

F5 (0
K2n+1(1',0) = 2 ( l F22(x) = Kzn($,0),
=0 I1F2]|
0,1 0,1
KQ(n )(I',O) = KQ(nf)l(an%
£, (2)F3,(0)
1, n n 1,1 1,1
Ko (@0) = =D+ Kt (2,0) = Ky (,0),
2n

This fact will be useful throughout the paper.

On the other hand, {F E }}n>0 will denote the sequence of 2-iterated monic Freud kernel polynomials,
orthogonal with respect to the inner product

(P @)z = / p(2)g(z)r?e =" d, (15)



which is the 2-iterated Christoffel transformation of p (see [24]). We will denote by
7£E4
IEZ [y = (FZ, FP)p :/R|F,[f](x)|2x2e dx

the corresponding norm. For convenience of the reader, we briefly reproduce here a useful Lemma already
proved in ([3, Lemmas 1 and 2]), concerning sequences of 2-iterated monic Freud kernel polynomials.

Lemma 1 (Christoffel formula). The 2-iterated Freud kernel polynomials and the Freud orthogonal
polynomials satisfy the connection formulas,

szz[i]ﬂ(I) = Fopp1(x) +dop—1 Fon—1(z), n>1,
D F () = Fopsa(x) +dan Fon(z), n>1,
where . o
d HF2n71H[22] —F3,.1(0) p £, ||[22] —F,12(0)
2n—1 — = s on = =
[Fon—al> F3,-4(0) [[Fanl]? F5,(0)
Furthermore,
ZFP] _ _ 2
27l 4 (2) = alon(x) 4+ (den—1 — a3,) Fon—1(z),
eF(2) = Fau(a),
where doyp_1 — a%n > 0.
As a summary,
22 F2(z) = Fyo(x) + dn Fp(x), n>0. (16)

2.1. A general connection formula

Let us consider the aforementioned Sobolev-type inner product (3). In the sequel, we will denote by
{Qn(z)}n>0 the corresponding sequence of monic orthogonal polynomials and by

the norm of the n-th degree polynomial. The connection formula between {Q,(z)},>0 and {F,(x)}n>0
is stated in the following lemma.

Lemma 2. [I] For n > 1, we have

k=0
where, for 0 <k <'s,
1+ MoK (0,00 - F,(0) - MK %(0,0)
MoE9(0,0) - FL00) - M,K¥(0,0
Q) = (@erpy~t | Moo T (0 o 0
50) o FOQ) .. (59
MoK (0,0) EP(0) 1+ M,K%(0,0)
with
1+ MK 0,00 Mk™V0,00 - ME®)(0,0)
| (0,00 1+ ENV 0,00 - MK (0,0)
MoK*%(0,0) MiE®Y0,00 - 14 MKESY(0,0)



Moreover, an easy computation shows that

K(O k)(:L‘ 0) = 1 <i k! Fn(x)F,(Ln_)l (0) — Fn—l(a?)Fé”) (0)>

2 | k—n+1 ’
[FalP \ & ! 2R

and, as a consequence, we can write (17) as
¥ Q, (x) = As(n; )y () + Bs(n; 2) F 1 (2), (18)

where

s k (k) (n)
. k! MpQn (0)F, 21 (0) 4y,
. _ s+1 n—1 s—k
As(nyz) = Z(x _Zﬁ TG P

k=0 n=0
s k (k) (m)
. k! Man (O)Fn (O) s—k+
B(nix) = Z<Zn! I &
k=0 \n=0

are polynomials of degree s + 1 and s, respectively.

2.2. Connection formula for the case s =1

In what follows, we restrict ourselves to study the case of only one mass point with derivative in the
inner product (1), i.e., s=1, My >0, and M; > 0,

(p,a)y = (P, @) + Mop(0)q(0) + M1p'(0)q'(0). (19)
In such a case, the connection formula (18) becomes

2?Qn(z) = Ar(n;2) Fy () + Bi(n; ) Fooi (), (20)
where A;(n;z) = 22 + A1o(n), and By (n;x) = By (n)z with

- MiQ;,(0)F,—1(0) MoQr(0)F,(0) + M, Q;,(0)F},(0)
[Fnall* [ Fn—1][? '

Aio(n) = Bii(n) =

To obtain Q,(0) and @’ (0) in the above expression, we evaluate (20) at © = 0 and solve the corres-
ponding linear system. Indeed,

F(0) M EY(0,0)
. F},(0) 1+M1 1200,0)
1+ MoK,_1(0,0) f:l?< 0,0)
MoK 9(0,0) 1+M1K @00, 0)
1+ MyK,,— 1(0 O) Fn(O)
0 0) MoKM9(0,0)  Fy(0)
" 14+ MoK,_1(0,0) M K>V(0,0)
1

MoK 90,00 1+ MK (0,0)
AS a consequence,

Fa(0)

@n(0) = [1+ MoK,_1(0,0)]’ (21)
QL0) = O (22)

1+ M KEV(0,0)



Thus,

F2n (O)
n(0 = s n 0 =0,
Q2,(0) 5 My Kan 2(0,0] Q2r+1(0)
Q/ (0) _ FénJrl(O) / (0) =0 (23)
2n+1 1 +M1K2(i;i)1(0,0)7 2n .
Now, we obtain connection formulas that relate both families of monic orthogonal polynomials.
Proposition 2. The Freud-Sobolev type orthogonal polynomials satisfy
Tkl
22Qn(z) = |2? — 22| Fo(z) 4+ a2 (KJL?]-FHL”) zF,_1(z), n>1, (24)
49 (0)
where 1)
A0l — 1+ MoK, (0,0) L= 1+ M K8V(0,0) I (1"
1+ MoK,—1(0,0) 1+ MK 5V(0,0) 2
Moreover, for the even and odd degrees, respectively, we have
F5,(0)
n = Iy, - Kopn— ,0), > 1, 25
Q2 ($) 2 (J}) 0[1 +MOK2n72(O;O)] 2 2(37 ) n ( )
F3011(0) (0.1)
Qant1(x) = Fony1(2) — My o~ K3 1(2,0), n=>1 (26)
L+ MK 0,00
In other words, Qay, (resp. Qaony1) is an even (resp. odd) polynomial.
Proof. Setting s =1 in (17) we get
Qu(@) = Fo (&) = MoQu(0) K1 (2, 0) = MiQ}, (0K %Y (a,0). (27)
From (12) we have
F,—1(0) +zF)_4(0) F,(0) + zF!(0)
K(O,l) 0) = n n—1 F _ n n F_
n-1(2,0) 22[|Fr_1|2 n(®) 22||Fp_1 |2 n-1(2)
and taking into account (9), (21), (22), and the symmetry of the Freud polynomials, we get
Foq(0) [|F.2 (14 MK (0,0
Qn(x) _ 1 _ /1( ) 2” || . + My g 1)( ) ) 1 Fn(l')
FL(0) 2|l \ 14 My K5 (0,0)
2 [/ 14+ MK, 14+ M K5
+ In < + MoK (0,0) 1) + o0 11(0’0)71 Fo_i(x).
z |\ 1+ MK,_1(0,0) 1+ M KMY(0,0)
Therefore, noticing that from (5) we have F,,_1(0)/F’(0) = 1/4a2$,(0), we obtain
— |1 Tn n| g a, 0, 01) g 28
Qn(z) = |1 - 226, (0)"™ n(z) + — it n—1(), (28)

which is (24). On the other hand, shifting the index n — 2n, and taking into account (23) we obtain
(25). For the odd case, (26) follows similarly by using (23). m

Remark 1. Notice that, from the symmetry of the Freud polynomials, we have ”[207]L+1 =0 and m[zlr]L =0
forn > 1. As a consequence, (24) becomes

2Qan(z) = zFo,(z)+ a%nn[ﬂan_l(az), n>1,
(1]
To 1Rop
22Qonir(2) = |o? - L (@) + a2 ko1 2 Fan(2), 0> 1.
4¢p2n+1(0)




At this point, observe the remarkable fact, which is a straightforward consequence of (19), that the
multiplication operator by z? is a symmetric operator with respect to such a discrete Sobolev inner
product. Indeed, for polynomials h(z), g(z) € P

<£L'2h((£), g(w»l = <h(l’), x2g(x)>1, (29)
and also notice that

(@?h(x), g(x)r = (h(2), g(x))2)- (30)
An equivalent formulation of (30) is

(@®h(), g(x))1 = (2*h(x), g()). (31)

The relation between the norms of Q,(x) and F,(x) is given in the following result.
Proposition 3. Forn > 1, we have

|| Fon||? _ 14+ MoK3,—2(0,0)
Q23 1+ MyK5,(0,0) ’

(32)
Fonsa|? 14+ MK, (0,0)

Q20411 14 2y KV, (0,0)

Proof. Shifting the index n — 2n in (24) yields

22Qan (x) = mQan(x) + a%nﬁgﬂman,l(x),

because %[21,1 = 0. Next, we multiply all the above equation by Fs,_o(z) and we apply the inner product

(,)1. Thus
(@2 Qon(@), Fan—a(2))1 = (22 Fan (), Fan—z(2))1 + a3, 550 (2 Fon_1 (), Fana(z))1.
Using (29), (30) and (31) we deduce
1Qanll3 = [ Fanll? + a3, mn || Fon 1|2
From Proposition 1-(2) we know a? = ||F,||? / ||F,._1]|%, and therefore
1Qan I8 = 1P2nll® (14 5))

which is the first equation of (32). Similar considerations lead to prove the second equation of (32), after
shifting the index n — 2n + 1 in (24). =

Remark 2. Notice that, by defining Qopn(x) := Pp(2?) and Qa1 1(7) := xR, (2%), n > 0, and introducing
the change of variable x = \/y, we obtain the following orthogonality relations

0

(Qsns Qo = / T Pu) Py eV dy + MPa(0)P(0), m £ m

0 = (Quusr Qomsr)s = / Ro(y) Ron )y e dy + My Ry (0)Ron(0), 1 #m,

i.e. {Pp(2)}n>0 and {Rn(x)}n>0 are MOPS with respect to standard inner products associated with the
measures do(z) = z7/2¢" dx + Myd(x) and zdo(z) + Myd(z), respectively, supported on the positive
real semiazxis.

To conclude this Section, we point out that the results in Propositions 3 and 2, as well as in Remark
1, appear also in [5], in a slightly different form. We have included our proofs here for the sake of
completeness.



3. Computation of zeros

In this section, we propose an algorithm to compute in an efficient way the zeros of Freud-type
orthogonal polynomials. It is based on the relation between the Jacobi matrix associated with such
polynomials, and the Jacobi matrix associated with the 2-iterated monic Freud kernel polynomials defined
previously.

Now, we obtain connection formulas that relate {@Q,}n>0 with {F }n>0

Proposition 4. Let {Q,}n>0 be the MOPS associated with (19), and let {Ff]}nzo denote the 2-iterated
monic Freud kernel polynomials defined by (15). Then, we have

Qn(z) = F(2) + e, FZ, (2), (33)
where
_ [Full® + dn—2[s0Fr—2(0) + tn F},_5(0)] (34)
" dn—2||Fn—2||2 ’
. _ Mo F,, (0) M7 F (0)
with $n = — s Ry @nd tn = ST Tk ;{(1 0]

Proof. We can expand @, (z) in terms of the SMOP {Ff] () }n>0 as

Qn(z) = FP( +ZankF

with 2
A (Qn, F) 121
n, 2
IEZ,

From (30), the above coefficient becomes

2
Qg = (xQQnaFIL ]>1
) 2
1E212,

which, by orthogonality, it yields o, = 0 for 0 < k < n — 3 and, after some computations, it is not
difficult to deduce that [2]
(Qn(x), 2°F,, (2))

Qpn—1 = B} =
[asi

Thus, since both families are monic, we have (33) with

_ @l 2F (@)

1E2, 112,
Now, taking into account (21), (22) and (27) we have
Qu() = Fy () + 80 Kpo1(2,0) + £, K\7Y (,0), (35)
where
£,(0) / £,(0)
$n = —MyQ,(0) = — M, by = —MQL(0) = —M n .
2@ (0) *TL+ MoK, —1(0,0)] 12.(0) 1+ kMY (0,0)
Next, combining (35) with (16) we deduce
(Qu(@).® By @) = (Fa(@) + s0Knor(2,0) + 6KV (2,0, o) + dnoFoa(2))

IFall? + dn—z2[sn Fa—2(0) + tn Fy,_5(0)].



Finally, since

o0 2 4
IEE = [ (F) et
wo= [ (#P)
_ / FR[E, o) + duF (2)]e” do
0
= dnHFnH2a

the result follows. m
Notice that defining Q,, = [Qo(z), Q1(),...,Qn(x)]T and F2 = [F(£2] (2), Fl[z] (2),... ,F2 ()T, (33)
can be written in matrix form as

Qn = HnFE]a (36)

where H,, is the (n + 1) x (n + 1) lower tridiagonal matrix

On the other hand, let S,, be the truncated Jacobi matrix associated with {FT[LQ]}HZO, and let jn the
Hessenberg matrix associated with the multiplication operator with respect to the basis {Qy, }n>0, then

2Qn = JuQu+Quirenit,
FP = 8, P4 P e,
where e,,.1 = [0,...,0,1]7. Using (36) and (33), we have
xQ, J.Qn + Quiteni
anFE} = janFg} + [Fr[LQJ]rl(x) + cn+1Fr[L27]1(x)}en+1
= 5LH,F2 4+ A F2 4 FP (e,

where A, is the (n+ 1) x (n + 1) matrix

0 0
0 ... ... 0
0O ... 0 Cn+1 0

Furthermore, since H, ! is a lower triangular matrix with ones on the diagonal, we clearly have H, ' A,, =
A, and H;'e, 11 = e, and, as a consequence,

oFP — 1,13, H,F2 + A, FZ 1 F (2)e,,

so that 5
S,=H,'J,H, +A,.

Therefore, we have proved the following proposition.
Proposition 5. The following expression holds
J,=H,[S, - A, JH, ..

In other words, J,, is similar to a rank one perturbation of S,.

10



Now, since the zeros of @, (z) are the eigenvalues of J,., and since similar matrices have the same
eigenvalues, the zeros of @Q,,(z) can be computed as describes Algorithm 1.

Algorithm 1: Algorithm for computing the zeros of the Freud-type orthogonal polynomials {Qx }7_;

Input: Matrices Ay, S, k=1,...,n.
Output: Zeros of Qr(z), k=1,...,n.
1 initialization;
2 for k=1,2,...ndo
3 Compute the truncated Jacobi matrix Sy
Find the matrix Ay by using (34)
Compute numerically the eigenvalues of S — Ay
return Zeros of Qi (z) are the eigenvalues of Sy, — Ay,

[ JY BN

Notice that only information related to {F,}n>0 and {FT[LZ]},LZO is required. On the other hand, to
compute the Jacobi matrix associated with {Q,,},>0, we also need to compute the matrix H,,, using
(34).

4. Analytic properties of zeros

In this Section we analyze some properties of the zeros of the polynomials {Q,(x)},>0. Notice that
inn our case the mass point is located in the support of the measure, while in the literature the mass
point is located either in the boundary or outside the support of the measure (see [1], [16], among others).

4.1. Interlacing rupture

From (25) and (26), it is clear that the zeros of even Q2,(z) and odd Q2p+1(z) Freud-Sobolev type
polynomials act in an independent way. From those expressions, we observe that the variation of My (re-
spectively M) exclusively influences the position of the zeros of Qa2 () (respectively Qap41(2)) without
affecting the zeros of Qa,+1(x) (respectively Q2,(x)). This interesting phenomena leads to the destruc-
tion of the zero interlacing for two consecutive polynomials of the sequence {Q,(z)},>o for certain
values of My and M;. Notice that the zeros of Q,(x),n > 1, are real and simple (see [16], Proposition
3.2). In the next two tables we provide numerical evidence that supports this fact. In the sequel, let
{77717’@};;0 =01 < Mn2 < ... <0pp be the zeros of Q,(x) and {l’n,k}::o be the zeros of F,(z) arranged
in an increasing order. Next we show the position of the second zero of the Freud-Sobolev-type polynomial
of degree n = 4 (namely Q4(x)) and the second and third zeros of Q5(x) for some choices of the masses
My and M;. For My = M; = 0 we obviously recover the corresponding zeros of the Freud polynomials.
The first table shows the position of the aforementioned zeros for My = 0 and several values for M;. The
cases when between the second and third (resp. third and fourth) zeros of Q5(z) there are no zeros of
Q4(z), i.e. the zero interlacing for the sequence {Q,(x)}n>o fails, are shown in bold.

My =10.0
15,2 Na,2 15,3 14,3 75,4
M; =0.0 —0.655248 —0.39615 0.0 0.39615 0.655248
M, =0.2 —0.458455 —0.39615 0.0 0.39615 0.458455
M; =04 —-0.371898 —0.39615 0.0 0.39615 0.371898
M; =10 -0.261023 —-0.39615 0.0 0.39615 0.261023

Table 1: Zeros of Qs(x) and Q4(z) for fixed My = 0.0 and some values of Mj.
Observe that, as expected, the variation of M; only affects the position of 75 and 7154 and the

variation of My only affects the position of 742 and n44. This numerical example is also reflected in
Figure 1.
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My =1.0
15,2 N4,2 153 14,3 15,4
M; =0.0 —0.655248 —0.284325 0.0 0.284325 0.655248
M, =04 —0.371898 —0.284325 0.0 0.284325 0.371898
M; =09 —0.272822 —0.284325 0.0 0.284325 0.272822
M; =20 —-0.192081 —0.284325 0.0 0.284325 0.192081

Table 2: Zeros of Qs5(z) and Qa(x) for fixed Mo = 1.0 and some values of Mj.

04

021

-04L

Figure 1: The figure shows, for a fixed value My = 1, the evolution of the second zero of the Freud-Sobolev type polynomial
Qs5(x) for three different values of the mass M;. The curve in gray color represents the Freud-Sobolev type Q4(z), which
is not affected by the variation of M;. The zero of Qs(xz; M1 = 0) = F5(x) (continuous black graph) occurs at ns 2(M; =
0) = —0.655248. For Qs (z; M1 = 0.2) (dashed line) we have 15 2(M1 = 0.2) = —0.371898 and for Qs5(x; M1 = 2) (dotted
line) occurs at n5,2(M; = 2) = —0.19208. Notice that for My = 1 and My = 2 there is no zero of the polynomial Q4(x)
between the second (n5,2(M1 = 2) = —0.19208) and third (n5,3(M1 = 2) = 0) roots of Q5(x; M1 = 2), so the interlacing of
the complete Freud-Sobolev type orthogonal polynomial sequence {Qn()},>0 has been broken.

4.2. Asymptotic behavior

We are interested in the dynamics of the zeros of the Freud-Sobolev type when My and M; tend,
respectively, to infinity. To that end, let us introduce the following the limit polynomials

_ . _ F5,(0)
Gon(z) = Mlolgoo Qan(x) = Fop(x) — Ron_2(0,0) Kop—2(x,0),
J — li _ F2/n+1(0> (0,1)
on+1(z) = lim Qony1(z) = Fopy1 () — —7 17— Kz, 1(2,0). (37)
Mo 2 1(0,0)

Similar polynomials have been previously studied in [16], when the discrete mass points are located
outside the support of the perturbed measure. Here, we find a slightly different situation because the
support of the measure is the whole real line and the discrete masses My and M; are both located at
x =0 € R. As stated before, M, only affects the even degree polynomials, and the dynamics for the zeros
of {Q2n(z)}n>0 has been already obtained in [3]. Next, we extend those results for the odd sequence
{Q2n+1(2) }n>0-

Our goal is to obtain results concerning the monotonicity and speed of convergence of the zeros of
Q2n+1(z). For this purpose we need the following lemma concerning the behavior and the asymptotics

12



of the zeros of linear combinations of two polynomials with interlacing zeros, whose proof we omit (see
[6, Lemma 1] or [10, Lemma 3]).

Lemma 3. Let f,(z) =a(z —z1) - (x —x,) and jp(z) =b(x —y1) -+ (x — yn) be polynomials with real
and simple zeros, where a and b are positive real constants.

If

Y1 <21 < -+ < Yp < Ty,

then, for any real constant ¢ > 0, the polynomial
n () = fn (@) + cin(z)
has n real zeros my < --- < ny, which interlace with the zeros of fn(z) and j,(x) as follows
Y1 <M <T1 << Yp <Ny <Tp.
Moreover, each ni = ni(c) is a decreasing function of ¢ and, for each k=1,...,n,

_fn(yk)

lim ngy =y and lim clng —yx] = — .
c—)oon c—00 [n ] ]%(yk)

Before stating the main result of this Section, we will prove some auxiliary results concerning the
. . . 0,1
interlacing properties of {F5,+1}n>0, {KQ(n_)l(a:,O)}nzo, and {J2n+1}n>0-

Lemma 4. The zeros of {Kéz’i)l(x,O)}nzo, are real and simple. Moreover, for every n > 1, the non
vanishing zeros of Ké?b’i)l (2,0) and Ké?i)l (x,0) interlace.
Proof. First, since Kég’i)l (x,0) is an odd polynomial, we can write Kégi)l (z,0) = ws,(2?), where s,
is a polynomial of degree n. We will prove that {s,(y)},>0, with y = 22, is an orthogonal polynomial
sequence with respect to the measure do(y) = y®/2e~¥ dy, which is positive in the positive real line.
Indeed, for n # m, we have

0,1 0,1

3 —z*
2zd
. xe” " (2zdr)

/0 " e @)m)doly) =

0,1 0,1 e
- / K;n:l 0K o, 0 do

by using the reproducing property of K. é?{ﬂ (x,0). On the other hand, for n = m, and taking into account

(12) and the symmetry of the Freud polynomials, we get

(e}
4
| gwast) = [ KL @K o) s
0
Fop F; 0) — Iy, Fonyo(0
_ / Kég}r)l )33 ont2(7) F5,41(0) z 1+1(7) Fanga( )e_””4dx
[Fon g

72 ((F3 -1 (0)? | Pan2ll* = F3p 41 (0) Fan2(0)) > 0,

[ Fzna ]

since F3, 1(0)F2n12(0) < 0. As a consequence, the zeros of s,(x) are real, simple, and they are located
in the positive real semiaxis. Moreover, the zeros of s,(x) and s,_1(z) interlace. Now, because of the

0,1)

symmetry, all polynomials of the sequence {Kg(n 1(2,0)}n>0 have a zero at the origin, and the remaining

zeros are located symmetrically at both sides of the origin. Furthermore, if we denote by s, ; the kth
zero of s, (z), then it is clear from the definition that +, /s, 1 are zeros of Kz(?li)l (z,0). As a consequence,
the (non vanishing) zeros of Kég’i)l(:c, 0) and Kég’i)l(x,()) interlace. m

The next Lemma shows that the non vanishing zeros of Fb, 41 and Ké?i)l(x, 0) also interlace.

13



Lemma 5. Let {x2n+17k}i’;‘;1 and {22,1,11;6}%’;]1 be the set of zeros of Fon11 and Kég’i)l(x,()), respec-

tively, arranged in increasing order. Then, we have

Tont1,k < Zon—1k < Tontrk+l, 1<EkE<n—1,
Tont1h41 < Zon—1k < Tontlhk42 NH1<EkE<2n -1
Proof. Due to the symmetry of both polynomials, it suffices to prove the interlacing for the positive

zeros. Since Tap4+1,n4+1 = Z2n—1,n = 0, we consider the case when n+1 < k < 2n — 1. From (12) and the
symmetry of the Freud polynomials, we have

1

2K0D (2,0) = m(ngn(x)F;n,l(O)—an,l(x)an(O))
= P B (0) - (TSRl £ o)

where we have used (4) on the second equality. As a consequence, evaluating the previous equation in
Ton+1,k+1 and To,41,x+2 We obtain, respectively,

F5,(0

$§n+1,k+1K§g’P1(932n+1,k+1’0) = ZTont1k+1Fon(Tont1,k41) (Fén—1(0)— ZT;( )>,
2n
F5,(0

$§n+1,k+2K§gﬁ)1(932n+1,k+2,0) = Zont1k+2Fon(T2nt1,k42) (len1(0) - 22( )>
2n

Since Ton+1,k+1 and Topn41 k2 are positive and the zeros of the Freud polynomials interlace, Fop (22n41 k+1)

. . 0,1 0,1
and Fy, (Ton+1,6+2) have distinct sign. As a consequence, K2(n_)1 (T2n+1,6+1,0) and KQ("_)1 (T2n+1,k+2,0)

. . . 0,1
differ in sign, which means that Kén_)l (x,0) has a zero between the zeros zo,+1,x+1 and Tap41 kro. MW

Remark 3. Notice that Fo, 1 and KZ(?l’Pl (x,0) differ in two degrees. This causes that the zeros interlac-
ing between them is not complete. Indeed, Kég’i)l(x,()) has not zeros in the interval [Tan41.n, Tan+1n+2],

i.e. between the origin and the first zeros of Fani1(x) at both sides.

We will need some results concerning the interlacing properties of the zeros of Fo,q1(x), Jan+1(x) and
Q2n+1(x). By symmetry, for the zeros of Fo,11(x), we have o541 041 = 0 and Zop41,5 = —T2n+1,20+2—k
for 1 < k < n. As a consequence, it suffices to analyze the behavior of the positive zeros. In order to
simplify the notation, we denote i, := Topt1,nt14+k, 1 < k < m, ie. {xk}Z=1 are the n positive zeros of
Fy, 41 arranged in increasing order. A similar notation will be used for the zeros of Q2,41 and Foyq.
The following result is a straightforward corollary of Lemma 5.

Corollary 1. Let us denote by {yni}i_, the set of positive zeros of Jany1(x) arranged in increasing
order. Then, for 1 <k <n—1, we have

Tk < Yr+1 < Th+1, (38)
i.e., positive zeros of Jopy1(x) and Foniq(z) interlace.

Proof. Taking into account the symmetry and the fact that J;,,,(0) = 0, we deduce that Jo,11(x)
has a zero of multiplicity 3 at the origin. This is, y; = 0. The result follows by evaluating (37) at two
consecutive zeros xy and xgy1 of Fo,iq, for 1 < k < n — 1, and noticing that by Lemma 5, Jo,t1(x)
and Jop41(2g41) have different signs. m

Remark 4. Observe that due to the triple zero at the origin, Jant1(x) does not have a zero in the interval
(0,21), i.e. between the origin and the first positive zero of Fony1(x). Since Fopiy1(x) only has n — 1
positive zeros, we have y; = 0.

Now, we are ready to enunciate the main result of this Section.
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Theorem 1. On the positive real line, the following interlacing property holds

O=y1 <m <2 <Y <M <xz- - <Yp <Np < Tn.

Moreover, each ny, := np (M) is a decreasing function of My and, for each k =1,...,n,
lim Nk (Ml) =Yk (39)
]Wl%oo
as well as
—Font1(yr)

lim M, (M) — ys] = :
My o0 K510 (0,0)[J3, 4 (yk)]

(40)

Proof. Notice that the polynomials {Qa,+1(2)}n>0 With Qapi1(2) = pan+1Qani1(z), can be represented
as
Qan1(2) = Fonea(2) + M K3 (0,0) o (w),

where -
P2n+1 = 1+ MlKén’—)l (07 O) .

Thus, the interlacing follows at once from (38) and Lemma 3. On the other hand, we can write

2Ga(2?) = wfo(2?) + MIESY, (0,0)2], (22),
with
fo = (@—a?)-(z—22),
Gn = (@—n3)-(z—nd),
jn = (x—y%)(x—yi),

and by the previous results, their zeros are real, simple and interlace, so they satisfy the conditions on
Lemma 3, and therefore

lim n? =42
M1—>oo77k Yio

and N
: : fnly 2y Fon+1(yk
lim = M1K2(ili)1(070)[771% - yl%] =77 ( ];) 7 1 )7
My —o0 In(Yz) 241 (k)

and since 7 — y7 = (i + yr) (M — yx) and limpg, o0 Mk = Y, the result follows. m

Remark 5. Because of the symmetry, the limits (39) and (40) also hold for the negative zeros. The only
difference is that those zeros are increasing functions of M.

5. Holonomic equation and electrostatic interpretation

In this section, we deduce a second order linear differential equation satisfied by {Q,(z)}n>0 and,
as an application, an electrostatic interpretation of its zeros is presented. We will use the connection
formula between @,, and F;,, which for convenience will take the form (28). We will also use the structure
formula (5) (for the monic normalization) and the three term recurrence relation (4). Let us rewrite these
formulas as

Qn(z) = An(@)Fu(2) + Bu(2)F-1(2), (41)
Frpa(z) = Qu(@)Fu(z) + To(2)Faoi(2), (43)
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Figure 2: It illustrates the variation of the zeros of an odd degree Freud-Sobolev type polynomials when M; varies as
described in Theorem 1. The graphs of Q7(z) for three different values of M; are plotted. The black continuous, dashed,
and dotted lines correspond to M; = 0.03, M1 = 0.05, and M1 = 0.09, respectively. We also include the graphs of F7(z)
(medium gray color) and J7(z) (light gray color), showing that the zeros of Q7(z) are increasing functions of M in the
negative real semiaxis, traveling from the negative zeros of Fr(x) to the corresponding zeros of J7(x) as M;p increases.
Likewise, the positive zeros of Q7(z) are decreasing functions of M, traveling from the positive zero of Fr(z) to the
corresponding zero of J7(z) according with Theorem 1. Observe that in this picture, the value of My is irrelevant.

where the coefficients above are given according to (28), (5) and (4), respectively, i.e.,

_ 4™ . _ (0], 0
Ap(z) = 1 1224,,(0) “nl’ By (x) = - (K"r? +Hn1 )7
@n(w) = _41'0'317 wn( ) - 4a2 ¢n( )
Qu(z) = z, T,(r)=—d.

Before stating our main result in this section, we need the following Lemmas.

Lemma 6. The monic sequences {Qn () }n>0 and {Fn(x)}n>0 satisfy

Qly(2) = Ca(w:n) Fo(2) + Dy (:m) Fo (1) (44)
where
Cilwin) = Al(x)+ An()pu(z) + Bn<x>m, (45)
Di(win) = Bi(x)+ An(@)dn(z) + Bulx) (wn_lm - W) |

Proof. Combining (42) and (43) we have

1) = PR @)+ (prale) - £ ) Faa(o)

The result follows by replacing the last equation and (42) into the derivative with respect to « of (41). m

Lemma 7. The sequences of monic polynomials {Q,(x)}n>0 and {F,(x)}n>0 are also related by

Qn-1(z) = As(w;n)Fo(x) + Ba(w;n) Foa (o), (46)
Qna(x) = Ca(x;n)Fu(x) + Da(wsn)Foi(x), (47)
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where

oy Bnalw) L Qo1 ()
A2($,n) = m Bz(x,n) = An_l(:c) — Bn_l(x>m’
Co(z;n) = DlT(f’_l(x)l)7 Dz(:v;n):C1(:E;n—1)—D1(x;n—1)m,

The coefficients Cy(x;n — 1) and Di(x;n — 1) are given in (45).

Proof. The expressions follow from (41) and (44), respectively, after a shift in the degree, and using (43)
to express both of them in terms of F,, and F,,_;. =

Lemma 8. The following "inverse connection” formulas hold.

@) = 20,0 - 1200, ), (19)
Faa) = 3800, 0+ 1200 (a), (19)

where
A(z;n) = Ap(z)Ba(x;n) — Aa(x;n) By ().

Proof. The result follows by solving the linear system defined by (41) and (46). =
Now, we replace (48) and (49) in (44) and (47), respectively, to obtain the ladder equations

/ _ [Cimn)Ba(xin)  Di(w;n)As(zin)

@ulr) = { Ax;n) a Ax;n) } @n(®)

Ap(2)Di(z;n)  Ci(z;n)Ba(z) .
RN YCY PELHEY YN P

An(z)Da(xsn)  Ca(x;n)Bn(z) -
+ { A(z;n) A(z;n) ] @n-1(@),

which can be written in the more compact way
(E(xvn72)l_Dx)Qn(m) = E(m§n71)Qn71(l‘)7

(©(z;n, 1) + Dg)Qn-1(x) = O(x;n,2)Qn(2),

where I and D, are the identity and z-derivative operators, respectively, by defining the determinants

o B 1 |Ci(zsn)  Ag(a;n)
E(z;n, k) = A(a;n) |Di(x;n) B:(x;n)’ (50)
' B 1 |Cylasn)  Ag(asn)

for k = 1,2, where Ay (z;n) := A,(z) and By(xz;n) := B,(z). As a consequence, we have the following
result.

Theorem 2. Let b, and b], be the differential operators
b, = Z(x;n,2)I —D,,
bf = O(z;n,1)I + D,.
Then,
bn[@n(x)] = E(z;n,1)Qn-1(2),
bl [Qn-1(2)] = O(257,2)Qn(2),
where E(x;n, k) and O(x;n, k) are given in (50) and (51), respectively.

17



Finally, we state the main result of this section.

Theorem 3. The Sobolev-Freud type polynomials {Qn(x)}n>0 satisfy the second order linear differential
equation

Qn(x) + R(x;n)Qy (x) + S(2;n)@Qn () = 0, (52)
where
Risin) = Ofwin1) - (ain,2) - S0
S(z;n) = ZE(z;n,2) [[EE((ZT: 11))]/ —O(z;n,1)| — [E(x;n,2)].

Proof. The result follows in a straightforward way from the ladder operators provided in Theorem 2.
The usual technique (see, for example [14, Th. 3.2.3]) consists in applying the raising operator to both
sides of the equation satisfied by the lowering operator, i.e.

1
b}, an[Qn(z)]} = 0}, [Qn—1(2)] = O(z;7,2)Qn (),
and then using the definition bf to compute the left hand side. After some computations, (52) follows.
]

We point out that we have obtained a second order linear differential equation for the complete
sequence {Qy(x)}n>0. However, as we have mentioned in the previous sections, the even and odd degree
polynomials behave differently. Indeed, they have another connection formula, and the previous results
hold in either case just by taking the coefficients of the connection formula (41) accordingly. Using
Mathematica®, the expression for R(z;n) was obtained according to Theorem 3. In the sequel, we
provide the expressions for the odd case (li»[,?] = O,FL[;T]L = 0,79p41 = 1,79, = 0), together with an
electrostatic interpretation of the zeros of {Q,,(z)},>0. The even case was analyzed in [3] and [13]. We
found ) - )

R(z;2n+1) = 7—4x3—w
x

uw(x;2n+ 1)’
where u(z;2n 4 1) is the biquartic polynomial
u(z;2n + 1) = ug(n) * + uz(n) 2% + up(n) (53)
with
ua(n) = 1665, (0)[1 + w3,
up(n) = Adan41(0) [463,41(0) + K1 (24 kb1 ) (63,1102 (0) = 1))
wo(n) = Khliy |=1208,00(0) + KhLyy {14 80, 1102041(0) [<1+ 2020(0) 82011 (0)]} ]

Now, the evaluation of (52) at the zeros {yan41. 1 t" of Q2n41(x) which are different from zero , i.e. if

they are listed in an increasing order we will have ya2,41,n+1 = 0, yields

Q%41 (Y2n+1,) 3 W (Yant1,k:2n+ 1)
o = —R(Yan 143 20 + 1) = +4(y2ns1.6)° + : .
Q5 11(Y2n+1,k) Wans1, ) Yon41,k (G2n1.0) u(Yont1,k;2n + 1)

The above equation represents the electrostatic equilibrium condition for the 2n zeros {y2n+17k}z7:{1 of

Q2n+1,k #n+ 1, and can be rewritten as (see [14] and [17])

2n+1
1 u g2n+1 2
Z . + 2 ((y2n+17 Som + 1)) - + 2(y2n+17k)3 =0,
j=1,j%k,n+1 y2n+1,] y2n+1,k u y2n+1,k7 n y2n+1,k

fork=1,...,2n+ 1, k # n+ 1. Therefore, the zeros of Q2,+1(x) are critical points of the total energy.
Thus, the electrostatic interpretation of the distribution of the 2n zeros different from the y2,,41,n+1 =0,

18



since it remains fixed, means that we have an equilibrium position under the action of the external

potential

4

1 1
Vewt(x,2n+1) = 3 Inwu(z;2n+1) — 3 Inzie ™,

where the first term represents a short range potential which corresponds to unit charges located at the
four zeros of u(x;2n + 1), and the second term is a long range potential associated with a Christoffel
perturbation of the Freud weight function.

If z4 (n) and z_(n) are the solutions of the associated quadratic equation

ug(n) 22 +ua(n) z +up(n) =0,

then the zeros of (53) are

z1(n) = +y/z5(n), z2(n) = —\/z5(n), x3(n) = +y/z2=(n), x4(n) = —y/z_(n)
M =0.1 M=1 M =10

o Ty Ny o + + /5
n=1 +0.369164 +£0.878731% +0.745497 £0.9147594 +0.905303 £0.9285891
n=23 +0.397067 +£1.059517% +0.387740 £1.0890367 +0.159258 £1.1068251
n=2>5 +0.329766 4+1.181451+¢ +0.197206 +1.197172%¢ +0.068685 £1.2012417%
n= +0.251172 +£1.272375% +0.116257 £1.279623 1 +0.038576 £ 1.2808561
n = +0.189032 £1.3459774 +0.076318 £1.3494561 +0.024825 £1.3499371
n=11 40.144418 +£1.408813% +0.053943 +£1.410616% +0.017374 £1.4108391
n=13 $£0.112816 +£1.464184% +0.040222 £1.4651924 +0.012969 £1.4653087%
n=15 40.089745 +1.513969: +0.029902 +1.5145714 +0.004691 +£1.514637+
n=17 $0.073204 +£1.5593454 +0.024134 £1.5597231 +0.005169 £1.5597641
n=19 40.060787 +£1.601140% +0.019950 +£1.601389: +0.005144 £1.6014164

Table 3: Zeros of u(x;2n + 1) for several values of My and odd values of n.

Table 3 shows the zeros of u(z;2n + 1) for some fixed values of M; and several values of n. With
just a little more effort, we can describe the asymptotic behavior with n of these four zeros. Combining
(8) with (5) and (6) it is possible to obtain the asymptotic behavior for n large enough of the kernels
(13)-(14). Using this information, and (7), after some tedious but straightforward computations, the
asymptotic behavior of the three coefficients yields

wl) = So(1+ 2 om),
us(n) = 8v6n'/? <1+9”+0(n‘1)),

wo(n) = _29<1+89+0( )).

Then, the asymptotic behavior of the aforementioned z; and z_ is

7 31 243 /3 1 —7/2
z4(n) = 2n3/2 512\ 215/2 +0(n ),
2 3 n=7/2
Z—(n) = \/>n1/2 - \/g 5/2 / )

The above shows that, as n goes to infinity, z;(n) remains positive and z_(n) negative, so u(x;2n + 1)
will always have two symmetric real zeros z1,29 = +.,/z4(n) , and two extra simple conjugate pure
imaginary zeros s, x4 = +./Z2_(n).
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Figure 3: Zeros of u(z;2n + 1) for M1 = 1 and odd values of n, from 1 to 19.
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