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Abstract

In this manuscript we study necessary and sufficient conditions for
the density of the linear space of matrix polynomials in a linear space
of square integrable functions with respect to a matrix of measures
supported on a set of radial rays of the complex plane. The connection
with a completely indeterminate Hamburger matrix moment problem
is stated. Vector valued functions associated in a natural way with
a function defined in the union of the radial rays are used. Thus,
our first aim is the construction of a linear space of square integrable
functions with respect to a matrix of measures supported on a set of
radial rays and a positive semi-definite matrix acting on the discrete
part of the corresponding inner product. An isometric transformation
which allows to reduce the problem of density to the case of the real
line is introduced. Finally, some examples of such spaces are shown
and its completeness is studied in detail.
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1 Introduction.

In this paper we will analyze some linear spaces of complex-valued functions
which are defined on radial rays of the complex plane

Ly={AeC: Im(\) =0}, (1)

where N € N. Ly can be represented as a union either of 2N radial rays or
N lines of the complex plane

2N—1 N-1
Ly = |J {2#" 2 >0} = | J{2E" 2z €R}, (2)
k=0 k=0



where & = cos §; + isin §; is a root of unity of order 2/V.

We introduce the following notation:
Ly =Ly\{0}, Ly,={28" >0}, k=0,1,..2N—-1,  (3)

and, thus
2N—1

Ly= U Ly (4)
k=0

The algebra of all n x n matrices with complex entries will be denoted by
Cpxn. C=,.,, will be the cone of all positive semi-definite matrices in the above
algebra. We denote by B(L’y) the o-algebra of Borel subsets of L. A (C]Z\,X N-
valued measure M on B(LYy) is a o-additive function M(A) = (m,;’j(A))%;lO
(A € B(LYy)) from B(LY) into Cx,, y (see, e.g., [15] for the general definition
of a positive semidefinite matrix measure).

We will denote by M. = (m’T;iJ)ij;lo the Radon-Nikodym derivative of
M with respect to the trace measure Ty = Zi]:ol mi;. As usual, LT (L'y)
will denote the linear space of C-valued 9B (L’y)-measurable functions on L

which are integrable with respect to 7.

Let f be an arbitrary C-valued function on Ly. We denote

fo= Fs) = (FON), Fe), ooy FAENTY)),

where € = cos QW” + 7sin QW” is a root of unity of order N and A € Ly.

A C-valued function f on Ly has derivative of order m, m > 1, at zero
if the derivatives of order k£ at zero for the function f restricted to the line
L,; = {28, z € R}, exist for all 0 < j < N —1,1 < k < m, and the
derivatives of the same order coincide. As the value of the derivative of order
m of f at zero, we choose the common value of the derivatives of order m.
We will use the standard notation f(™(0) for the derivative of order m at
ZEro.

Let A = (ai7j)2;_:1() € Cy,y be an arbitrary matrix. If A is not the zero

matrix, then we define

t=t(A)=max{i: 0<i<N-—-1, a;; #0}. (5)
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Taking into account that |a;;|* < a;,a;;, then all elements a;; such that
max(4, j) > t vanish.

Set
1

Iy = (gk,z()\))ﬁl;lo, Irei(A) = Nk

In the sequel, we will deal with the linear space of functions given below.

Ae L. (6)

Definition 1.1 Let A € C3,n, N € N, and M be a bounded Cx, y-valued
measure on B(LYy). Let us consider a set L3y ,(Ly) of C-valued functions
on Ly defined as follows

f € Lig4(Ln) if and only if

(i) The restriction of f to Ly is a B(Ly)-measurable function.

(ii) FAWHMLTL L) € L, (Lly).

(iii) If A is not the zero matriz then f has the derivative of order v = v(A)
at zero.

Given a function f € L3, 4(Ly), we denote

fa=(£(0), f(0), ..., f¥=D(0)), (7)

and

. / (N-1)
ft:(f(o)vfl(?)77{N_§())|)) (8)

By convention, when the derivatives do not exist one should assume that
the corresponding entry is 0.

We define an inner product in Ly, 4(Ly) as follows
(Foma= | FOOAMUNLEGE N + faATi, [0 € Lgae (9)
Ly

Notice that from condition (ii) and the Cauchy-Schwarz inequality we get
convergence of the integral. As usual, for f € L%/I, 4 the norm associated with

the inner product is
[flm,a =/ (f; fm.a- (10)



We will consider equivalence classes of such functions with respect to (-, - )n 4.
Then Li/L 4 becomes a unitary space with inner product (-,-)n,a. We shall
prove that this space is complete if and only if either A = 0 or t(A) = 0.
Below we will show that in some particular cases the space L12v1, 4 becomes
the standard linear space of square integrable functions with respect to a
positive measure supported either on Ly or on a discrete Sobolev space. To
study the density of complex polynomials in Li/L 4 we shall construct an iso-
metric transformation which maps L12v1, 4 onto a dense subset of an L? space

of vector-valued functions on R with respect to a (C]Z\,X y-valued measure on R.

Let M be an arbitrary Cx, y-valued measure on B(R), the o-algebra of
Borel subsets of R, with finite matrix moments

Sy = /xde(x), keZ,. (11)
R

The set of all C3, y-valued measures on B(R) with moments {S;}3°,
is denoted by V = V({Sk}2,). The description of the matrix measures V
with associated moments {S;}72, is known in the literature as the matrix
Hamburger moment problem [10, page 52].

Let Li; = L3;(R) be the linear space of Cyyy-valued functions on R
which are square integrable with respect to M. Denote by Pyyxn the set
of all N x N matrices whose entries are complex polynomials. We denote
P = Py4;. We assume that for every

P(x) = Ina® + Apo1a® ™+ Apaa™ 2 + L+ A € Py,

where A; € Cyxn, i =0,1,....k—1, k € Z,, and Iy is the unit matrix of
order N, the following condition holds

/ P(z)dM(z)P*(x) is a nonsingular matrix. (12)
R

Applying the Gram-Schmidt pseudo-orthogonalization method (see [1,
pp. 577-578]) to the sequence {x™ Iy}, we obtain a sequence of orthonormal
matrix polynomials {Py(z)}72, such that Py(z) is a matrix polynomial of
degree k. Also,

/]R Pu(@)dM(2) P () = Inrs, kol € Z,. (13)
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We can associate a N x N block tridiagonal Jacobi matrix J to these poly-
nomials. The corresponding linear operator J in * = {(2))ez, : @ €
C, Y02, lzk)? < oo} is symmetric. Let (m_,my) be its deficiency index.
Notice that N = max{m_, m, }.The matrix Hamburger moment problem is
said to be completely indeterminate if m, = m_ = N. In this case Pyyn
will be dense in L3, if and only if (see [12, Theorem 1.1, page 249])

R/ dxlvi(i) _

= —{C* N I+U]=iA* ) [I-UHD* N I+U]—iB*(A\)[I-U]} 1, X € C\R,

(14)
where U is a constant unitary matrix and A(-), B(-),C(-), and D(-) are holo-
morphic matrix functions which can be computed explicitly from the se-
quence of moments {S}72,. We shall use this result to obtain conditions for
the density of polynomials in Lg; 4. In [11] an extension to the matrix case of
the classical Riesz’s theorem is stated. Indeed, for the set of solutions of the
matrix moment problem the author proves that the linear space of matrix
polynomials is dense in the corresponding weighted L? space for those ma-
trices of measures such that their Stieltjes transform is an extremal point, in
the sense of convexity, of the image set. In [4] the author study N-extremal
matrices of measures of an indeterminate matrix moment problem and their
connection with density of polynomials. For the case N = 2 the density of
polynomials in some analogous spaces was studied in [7].

Matrix of measures appear in a natural way in the framework of higher
order recurrence relations satisfied by polynomial sequences. In [2] the au-
thor deals with the measure of orthogonality associated with inner products
such that the multiplication operator by z? is symmetric. Then, the corre-
sponding sequences of orthonormal polynomials satisfy a 2N + 1 recurrence
relation. Furthermore, as a particular case of these inner products, a charac-
terization of Sobolev type inner products with mass points at the origin for
the terms involving derivatives is given. Notice that if one considers a gen-
eral Sobolev inner product, then the existence of a polynomial h such that
the multiplication by h is a symmetric operator with respect to the inner
product is equivalent to the fact that the measures involving the derivatives
are discrete and their supports are related to the zeros of h, as it was proved
in [5]. The connection between these Sobolev type orthogonal polynomials



and matrix orthogonal polynomials was studied in [3].

On the other hand, in [13] the authors deal with Hermitian inner prod-
ucts with respect to scalar measures supported on harmonic algebraic curves
L={\eC: Imh(\) =0} where h is a polynomial of degree N with com-
plex coefficients. The multiplication operator by h is an Hermitian operator
and the corresponding sequence of orthogonal polynomials satisfies a 2N + 1
recurrence relation which leads to a matrix three term recurrence relation
for a sequence of matrix polynomials orthogonal with respect to a matrix of
measures supported on the real line. The study of such recurrence relations
and their basic solutions as difference equations has been done in [14].

Notice than in a recent contribution [8] the notion of convergence in mea-
sure M has been introduced. This generalizes the notion of convergence in
measure with respect to a scalar measure and takes into account the matrix
structure of M. There, given a subset S of square matrices the characteriza-
tion of the closure of sets of S-valued measurable functions under convergence
in measure is presented.

The structure of the manuscript is as follows. In Section 2 we analyze
the density of polynomials in the linear space L3y 4(Ly). The key idea is the
construction of an isometric transformation of the above linear space onto
another linear space of vector valued functions which are square integrable
with respect to a new matrix of measures M. A characterization of the den-
sity of these polynomials in terms of the Hilbert transform of the matrix
measure M is presented. In Section 3 we characterize the completeness of
the linear space L%/L 4(Ln) in terms of the matrix A. Finally, in Section 4,
we study the completeness for two examples of such a linear space. The first
one is related to an inner product defined by an absolutely continuous matrix
measure with respect to a scalar measure such that their entries are rational
functions. The second one corresponds to a Sobolev type inner product with
a unique mass point at 0 in the discrete component involving the derivatives.

Notations. As usual, we denote by R, C,N,Z,Z, the sets of real num-
bers, complex numbers, positive integers, integers, non-negative integers, re-
spectively. We set Cy = Cyx . We identify C;; with C and Clle with the
set of non-negative real numbers. If A € Cyyy, then A* stands for its adjoint
matrix. If A € Cyyy is nonsingular, then A=! will denote its inverse. We set
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P, v = P1xn. The elements of this set are called vector polynomials. In all
Hilbert spaces of functions considered in the manuscript, [v] will denote the
class of equivalence generated by a function v. For a subset S of the complex
plane we denote by %B(S) the set of all Borel subsets of S.

2 Construction of an isometric transforma-
tion. Density of polynomials.

Let f be an arbitrary C-valued function on L. We will deal with the
following operator

1 —m
R n(f)(A) = N D e (AR, (15)
k=0
where ¢ = cos = +1 sm =Z. When f = p is a polynomial, this operator was

introduced in [2 page 90] In such a case, it becomes
N =) ainem XY, p(h) =) aN €P. (16)
j i

Notice that the following relation holds
Ron(f)A") = Ryun(f)(A), k=0,1,..,N—1. (17)

Indeed, we can write

R (1)) = N;,lgmz S (k) = NALngem@ D) =

Nkng_m]‘f (Ae’) lem Zs ") + fF(N)] = R (F)(N),

and, therefore, (17) follows.
On the other hand,

SN RN = F). Ae L (13)



Indeed, we have

N-1 1N 1N— N-1 1N
T;)X"RWN( :NZZ Mk £(\e) :Z<N

m=0 k=0 k=0

N-1

Zékof Aek) = F(N).

We will denote

FrN) = (Ron (F)YN), Rin(F) V), s B (F) V). (19)

Notice that . .
Fs(N)Ix = fr(N). (20)

Hence, the inner product in Li/L 4 can be written as follows:

(F.oha= | FOMONGNdma + fidd,

/ FOIMLNG N dr + FiAGE g€ Ban, (21)

where

~

A= (a,)N2h = diag(01, 11, ..., (N — 1)) Adiag(0!, 11, ..., (N — 1)!).

As usual, diag(ly, 1, ..., [y_1) denotes the N x N diagonal matrix with entries
l; in the main diagonal.

Consider the space L3; 4. Let f, g be functions in L3, 4 and set

U(f,9:0) = FrOMLAN)F (). (22)

Thus we can split the inner product in two integrals as follows

(f,9)ma = /, U(f,g; Ndrv + fiAG;

N

-y /L U(f, g \dr (23)



+y / U(f, g \dr (24)

+f,AG;. (25)
If k£ is an even (resp. odd) nonnegative integer number, then the mapping
r=@p(\) = AV

is a bijection from Ly, onto Ry = (0,+00) (resp. R_ = (—00,0)). Its
inverse mapping

with the adequate choice of a branch of the root, is a continuous function.
For A € B(Lly,,), we denote

ep(A):={z: z=pr(N\), A€ A}, k=0,1,...,2N — 1.
For A" € B(R,), we denote ¢, (A") :={\: XA =(x), v € A’} where k is
an even nonnegative number less than 2/N.

For A” € B(R_), we denote i (A”) :={\: A =1g(z), x € A"} where k is
an odd nonnegative number less than 2/V.

If k£ is an even nonnegative number less than 2N, then we define
BR,) == {ACR,: A=p(A), AeB(Ly)} (26)
If k£ is an odd nonnegative number less than 2N, then we define
BR)={ACR : A=p(A), AeB(I} 27)
Since ¢y, is bijective and continuous,
BRy) 2B([Ry), B(R-) 2 B(R-).

In fact, B(R.) are o-algebras containing closed intervals. As a straightfor-
ward consequence of the minimality of the o-algebras of the Borel subsets
we deduce that

B(R:) = B(Ry).



Thus, we can define positive measures Ty, on B(R,) in the following way.
If k£ is an even nonnegative number less than 2N, then

(D) = ma(Un(A)), A e B(R,). (28)

In a similar way we can define positive measures Ty, on B(R_) as follows:
If k£ is an odd nonnegative number less than 2N, then

k(D) = ma(r(Ad), AeBR.). (29)

Using the change of variable in (23) and (24), we obtain

- Z/R (f, 95 ¥25(x))dTa 2 (30)

N-1
+ Z / U (f, g5 ¥oj1(x))dTv 241 + fiAG: - (31)
j=0 /R~
Indeed, let k be an even nonnegative number less than 2/N. Let us consider

I = / U(f,g: Ndma = lim | W,(f,g; N,
Nk

n—-4o00 L
N,k

where {W,,(f,g;A\)}>2, is a sequence of simple functions uniformly conver-
gent to W(f,g;\) on L)y, Notice that the existence of such a sequence is a
consequence of the definition of Lebesgue integral for bounded non-negative
measures (see [9]).

Let {y,;}32, be all pairwise different values of W, (f, g;A). If

L?V,k(nuj) = {/\ € L;\/,k : \I/n(f,g; )‘> = ynvj}a (32>

then we get

er(Liyip(n,g)) = {z € Ry o Wo(f, g;¢0(2)) = Yny}-
Thus

Iy = lim Y yuyma(Lly(ng) = Hm Yy Fane(e(Liy (1, 5))) =

n—+o00 4 n—-+o0o 4
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— lim U f, g5 U())dTn -

n—-+0o0o Ry

As a composition of measurable functions, V( f, g; ¥x(x)) is B(R, )-measurable.
Simple functions V,,(f, g; ¢¥x(z)) converge uniformly on Ry to V(f, g; ¥x(x)),
and then the limit

n—+00 Ry

exists. Thus,

L= [ ¥ n(a) diva (33)
Ry
The case of an odd k can be analyzed in a similar way.
Set
Mi(A) = [ M7 (dn(2))dmnn, (34)
A/

where A" € B(R,), kis even, 0 < k < 2N — 1. Let us write

Me(A) = [ M (o)) d (35)

where A” € B(R_), kisodd, 0 <k <2N — 1.
Taking into account that M, = (fﬁk;i?j)%_:lo, 0 <k < 2N — 1, are finite
positive semidefinite matrix measures and using the definition of the integral

with respect to a matrix of measures (see [15]), we can write

N-1
(foodma =D [ Foltb(2))dMy; G (tho;(x)) (36)
j=0 YR+
N-1 - R
#3° [ Fara @) iy @) + A7 60
=0 IR
Consider the following scalar measure:
N-1N-1
o (Ay) = Majiii(Ay), Ay € B(R,). (38)
j=0 i=0
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We will denote by (K/I\k);+ the Radon-Nikodym derivative of the matrix mea-

sure M, with respect to .. In a similar way, we set

2

—1N-—

,_.

T/fL 2j+1; zz 7 A€ %<R*)7 (39>

=0

Il
=)

J

where (1/\/1\1@);, is the Radon-Nikodym derivative of the matrix measure M,
with respect to o_. Then

(f.g)ma = Z fT (12 () Mgy ), o (2 (x)) o (40)

N-1

+22 | G ))(Maji1), Gr oy (2))do_ + fiAg;.  (41)

7=0

(17) shows that f, (¢ () and g, (¢ (2)) do not depend on k (that is on the
choice of a branch of the root). Thus, we can write

(f;9)ma = s fr (V) (Z(ﬁ2j)3+> gr(Vz)do, (42)
+ s fr( V) (Z(ﬁwﬂ)if) g:(Na)do_ + fiAg;. (43)

Let A € B(R). It has a unique decomposition
A=A_UAJUA,, (44)

where Ai € %(Ri), AO S SB({O}) with Ai =AnN Ri, Ao =AnN {0}

Let us consider the following scalar measure

0(A) =0_(A_) +09(Ao) + 04 (A4),  AeB(R), (45)
where Ar— D
oo(Ag) = { (1): Aooz_{O’}. (46)
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Define the following Cy ny-valued function on R

Ej'v:_()l@zj)é+, reRy,
D(r) = Z;-V:_Ol(l\ibjﬂ);_, reR_, (47)
A, x = 0.

Then
(f. 9)ata = /  F(VADWg(Vado + DO (49

On the other hand, we introduce the following mapping

(V)= { ﬁ(f)’ TEIUT el @
Using this definition we can rewrite (48) as follows
(Fo)ma = [ (VH@)DE) (Ve a)do, (50)
Set
M(A) = /ADda, A € B(R). (51)

taking into account that M = (ﬁzlj)f\;;lo is a finite positive semi-definite

matrix measure on B(R), we can represent our inner product as follows

(f. O)nis = / (V £)(2)dM(Vg) (). (52)

Denote by L, 7 the space of (classes of equivalence of) C y-valued func-
tions on R which are square integrable with respect to the matrix measure
M ([15]). Let ()5 |I-llxz be the inner product and the corresponding norm
in L2,1VI’ respectively. Then we can write

(f7 g)M,A - (Vf7 VQ)M, f?g S Li/I,A' (53>

From the above identity, V is an isometric transformation from L3, 4 onto
L, 5 in such a way that it maps classes of equivalence in L%/I, 4 into classes
of equivalence in L, ;. The range of V is a subset Sle/[ C L,y Let us

describe 52’1\71.
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Proposition 2.1 The set S,y consists of those classes of equivalence [-] in
L, 3 which include at least one representative v(z) = (vo(x), vi(2), ..., vn-1(z))
with finite values such that the function

_ _ o A un(AY), A€ Ly,
Uy = Uy(N) = { 50 (0). =0 (54)

has a finite || - ||m.a norm, and if A# 0 then

ui (0)
!

—uy(0), 1< <t(A). (55)

Remark. In the above proposition we need to deal with representatives
of classes since we do not know a priori that the transformation (54) maps
classes onto classes.

Proof. Denote the set of classes of equivalence by S. Let us first show that
S C 8,5 Let [v] € S such that v(z) = (vo(x), v1(x), ..., vn-1()). Given the
function u, defined in (54), we shall find Vu,. Notice that

N-1 N—-1
—mik,, —mk d_kd N
Ry v (uy)(A )\m E € w(AeF) = —N/\ go € dgo A (A™)

N-1 1

N-1
1
= = ) Mo (W) ) el = —— A, (AN = 0,(AY), A € Ly
NAm £ e N
(56)

From (49) we can write
v B v(z), r e ROURy,
(Vu,)(r) = (v0(0) wl,(0) u!’(0) uS,N*”(o)) = 0. (57)

I 2l oo (N1

Here, as before, we will write zeros in those places where derivatives do not ex-
ist. From (55) and (57) we get that V{u,| = [v]. As a consequence, S C S, 5z

Next, we will prove that S, € S. Let consider an arbitrary class [v] €
Syni- There exists a function f Wlth finite values and a finite || - [[p,4 norm
such that Vf = v, where v is a representative of the class [v] with finite
values. This means that

V() = RN (f)( V), r € R\{0}, m=0,1,....,2N — 1, (58)
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and if A # 0, then

) =22 o< <), (59)

If A =0, then we can set f(0) = vy(0). Thus, in any case we have
£(0) = vo(0). (60)
From (58) and (17) it follows that
Ron(f)A) =vn(\Y),  Xelly, m=0,1,..,2N — 1. (61)

Given the representative v we define the function u, as in (54). Thus, the
relation (56) holds for u,. From (61) and (56) we get

Roun(f)N) = Run(u,)(N),  X€Ly, m=0,1,..,2N —1.  (62)
By (18) we obtain that
f) =u,(N),  AeLy. (63)
Furthermore, from (54) and (60) we get
JA) =us(A), A€ Ly. (64)

Thus, the function w, has a finite || - ||m.4 norm and (59) yields (55). As a
consequence, S v ©5.0

Let denote by C, y; a set of (classes of equivalence which include) con-
tinuous Cyxpn- valued functions from L, e It is well known that C, §; M is a
dense subset of L, ([6]). T, will denote a set of (classes of equivalence
which include) conjcinuous Cyx y-valued functions v from L, oM which are vec-

tor polynomials in {z € R: |z| < ¢,}, where £, > 0 depends on v.

Proposition 2.2 Every function in C,5; can be approzimated by functions
m T2 M

Proof. First, T i is a subset of C,),

We denote by R oM & set of (classes of equivalence which include) C;y y-
valued functions v from L, ; such that

(i) v is constant in {x € R |m| < Eyeyyyys |, Where €, > 0 depends on v.
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(ii) v is continuous in intervals (—oo, —¢,] and [g,, +00).

Notice that a function v € R, o Can have jumps at points +¢,

Next, we choose an arbltrary function v = (vg, vy, ...,un-1) € C’QM as well
as an arbitrary real number § with 0 < § < 1 and consider the following
function v(s) = (vs0, Vs:1, -, Us;N—1)

o) = v (r) = { ;’Eg Ii; ;‘; (65)

Taking into account that v (z) € R, 5 we get

lv —vis)ll3g = /0<|I<5(’U($) — vy (2)) M, (0(x) — v (7)) dprgg,

where M; = (m,; ;)L denotes the Radon-Nikodym derivative of M =

w153 /4,3 =0
~ \N-1 . _ o N-1~ :
(i5);—0 With respect to the trace measure pugy; = >, m;;. Since all

functions under the integral are bounded, the measure pug; is finite, and
M, ;] < 1, pgg-a.e., we can write

ool = 3 / 7) = vi(0)7) ., (03@) = 0;0)) gy

i,j=0 <|Z“<5
N-1
<[ dg = NGl (0 < Ja] <), (66)
where
C) = max lvj(x) — v;(0)].

0<j<N—-1; z€[-1,1]

Relation (66) shows that we can approximate v by functions vs).
On the other hand, let v € R, 5; which is constant in (—¢,,&,) for €, > 0.
Choose a real number v with 0 < v < 1, and consider the following function

V) = (V05 ity -or VplsN—1)

v(z), |z| < ey,
v = vy (@) = v(z), 2| > e, + v,
(lz] —ev)v((ev+v)sgn(x)) — (2| —ev —1)v(0) g, < |x| <ey v

v

(67)
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where

1, x>0,

v () is continuous and belongs to T, 7. For B = {z: &, < |z| < g, + v}
we have

o @] < |50 (e + )sgne))] + == 10y
< Joy((20 + ¥)sgn(@)] + [0,(0)] < 25, (69)
where
Cy = max |v;(@)].

0<j<N-1; z€[—ey—1,—€y|U[erv,E0+1]
We can write

lv — vz = /(U(l’) — vp)(2)) M, (v(@) — vy () dpg

Z / = 00 ()05 (0 () — v () dpigg

<Y / Az = N*Clngy(B), (70)
4,7=0
where
Cg = max ]v](x)] + 02.

0<j<N-1; z€[—ev—1,—ev|U[ev,E0+1]
Relation (70) shows that the function v can be approximated by functions
v Thus, every function in C, §; 5N Can be approximated by functions of T, 7
O
As an immediate consequence, we get

Corollary 2.1 T, ; o U5 @ dense subset ofL

Let T, 31, be a subset of L, ; which consists of (classes of equivalence which
include) functions f such that

f(@) = g(@)x1-xK (), 9(z) € Ty i M K >0, (71)

where X[_k k] is the characteristic function of the interval [— K, K].
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Corollary 2.2 The set T, -

5 M0 1s dense in LQ,M

Proof. From the o-additivity of the Lebesgue integral it follows that the
function from T, 7 can be approximated by functions belonging to T, 5 5 M0-

On the other hand, the following inclusion hold:

Proposition 2.3

T

om0 S o (72)

Proof. Choose an arbitrary (representative of the class) v = (v, v1, ..., vn_1) €
T, 5 like (71) with g € T, iz and K > 0. Notice that it is bounded con-
tinuous in [— K, K], and supported on [~ K, K]. Therefore the function

B NI, (AN, N e Ly,
o = u(A) _{ vo(0), A=0,

is also bounded, continuous in Sg = {2z € Ly : 2V € [-K, K]}, and its
support is contained in Sk . This function is a polynomial in a neighborhood
of zero. So, it has all derivatives at zero. The function

oy (A) = (Ron () (A), By () (A), -y By-1.n()(A))

is continuous on Sk\{0} and its support is contained in Sk. Let us show
that it is bounded at zero. Choose a nonnegative integer number k such that
0 <k <2N — 1. From I'Hopital’s rule we get

lim  Run(uy)(2) = lim R, n(u,)(zE")

ZELNJC; z—0 z—+0
R Z;V o e, (2R L E;-V:_ol e My (287 )l
N z—+0 (xE®)m N z—+0 m(zgk)m-1
N z—+0 m! m!

As a consequence, 1, ()) is bounded. Therefore, u, has a finite L3, 4, norm.
Let us check that relation (55) holds. For 0 < d < N — 1 Leibniz’s formula
yields

N-1 N-1 d
u(0) = > (A0, W) D(0) = 33 L™ D (0, (AY)) @D
m=0 m=0 1=0 A=0
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=Z Z CHA™ D (v (AN D) (73)

A=0
|
where C} = £ ;7 is the binomial coefficient. Non-zero summands in (73)

appear only when [ = m if m < d. Therefore

ul®( Zcmmv (M) = dlug(0).

A=0
According to Proposition 2.1 we obtain v € 5, ;. U

Corollary 2.3 The set S, 3; is dense in L, 3

Proposition 2.4 The transformation V. maps polynomials which belong to
Li/IA onto ClxN valued vector polynomials in L2M The inverse transfor-
mation V=1 maps Ci n-valued vector polynomials which belong to L N into
polynomials in Ly 4.

Proof. If we use relation (16), then the first statement follows directly from
the definition of V .

Let us prove the second statement. Let v(z) = (vo(x),v1(z),...,un_1()) be
in (a class of equivalence in) L,y;. Notice that [v] € T, . Consider the
following functions

w(K;x) = (wo(K;2), wi (K 2), ..., wy—1 (K 2)) = v(@) XK,k (), K eN.

(74)
As in the proof of the previous Proposition, we can associate to them some
functions

o () = { o zj;?(mg( N, AAGZL(’;V  ken
which have finite Lg; 4, norm and
ul%(0) = dhwg(K; 0). (75)
Moreover, as in the proof of Proposition 2.1, we can write
Viuy k] = [w(K; )], K eN. (76)
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Therefore

[ i llvaa = w (K 2)llgg < o(@)llyp, K €N (77)
Set Vo1 N
_ ] 2o A em(AY), A€ Ly,
(A = { v0(0), A=0. (78)

Notice that

U ik (A) = s (A) X5 (), (79)
where S = {2z € Ly : 2V € [-K, K]}. By (77) the norms ||u,(A) x5, (A)||v.4
are uniformly bounded. Therefore u, € L3; 4. On the other hand, from (75)
and (79)
u{®(0) = dlvg(0). (80)

v

Thus, conditions of Proposition 2.1 are satisfied for w,. In its proof it was
shown that
Viu,| =[], KEeN, (81)

According to (78), u, is a polynomial. O

Proposition 2.5 Complex polynomials which belong to L3 M. are dense in
LM,A if and only if Cy n-valued vector polynomials which belong to L, are
dense in L,z

Proof. First, let us prove sufficiency. Assume that C,,n-valued vector
polynomials from L, 5 are dense therein. Let felL? Ma-Setv=Vfe L,y
Then there exists a vector polynomial p such that ||U pllyg <e,e>0.T hen

V7o = V7ipllg < e,

and, from Proposition 2.4, V~1p is a complex polynomial.
Let us check necessity. Assume that complex polynomials which belong
to L3 a4 are dense therein. Let v € L, 7. According to Corollary 2.3, v can

be approximated by V f, where f € LM A e
lo= Vil <5 >0, (82)
On the other hand, one can approximate f by a complex polynomial r

9
1f =7llma = IV = Vrlig < 5 (83)
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Then
lv—=Vr|z <e.

But, according to Proposition 2.4, Vr is a vector polynomial. Thus the result
follows.O

Denote by L, 1; » the space of (classes of equivalence of) Cyy-valued
functions on R which are square integrable with respect to the matrix mea-
sure M ([15]). Let (-, )57 x> || - llzz.y Pe the inner product and the norm in
L2,1\N/L ~» Tespectively.

Notice that a Cyxy-valued B(R)-measurable function F(x) = (f;; (a:))fvj;lo
on R has a finite || - |57 y norm if and only if its rows

Fy = (fig(x)5 i=01,..,N—1,
are B(R)-measurable functions with finite || - ||5; norms. Moreover, we have

N-1
1FIZ, = ST IR (84)
=0

Thus, the linear space L, 3;  can be considered as a direct sum of N copies
of the linear space L, 37

Relation (84) implies that Cyy-valued polynomials from L, 3z , are dense
in LQ,M, y if and only if C;,y-valued polynomials from L2,1\7I are dense in
L, ;- Using Proposition 2.5 we get the following result:

Theorem 2.1 Complex polynomials which belong to L12\/1,A are dense in Li/LA
if and only if Cnyn-valued polynomials which belong to L,z v are dense in

L

2.M,N"

Now we can apply some results by P. Lopez-Rodriguez on the density of
matrix polynomials to study the density of polynomials in L12v1, A(Ly).

Theorem 2.2 Let A € C5,  and M be a bounded Cx,, y-valued measure
on B(Lly). Consider a linear space Ly 4(Ln) and suppose that it includes
all complex polynomials. Let us construct the corresponding matriz measure
M on B(R) and assume that the linear space L%v/[ N contains all Cyy n-valued
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polynomials. If (12) holds for the measure M and the corresponding ma-
triz Hamburger moment problem is completely indeterminate, then complex
polynomials are dense in L%/LA if and only if

/ dM(z)
r—A
R

= —{C*N)[I[+U]—iA* NI =UHD*(N)[I+U]—iB*(\)[I-U]} ', XA € C\R,
(85)

where U is a constant unitary matriz and A(-), B(+), C(-), and D(-) are holo-

morphic matriz functions which are computed explicitly using the moments

{Sk}2, of the measure M.

3 The completeness of L3, ,(Ly).

Let us study completeness of the linear space L3y 4(Ly). If A # 0 and
t(A) > 0, then for an arbitrary function v in S, 5; and according to Propo-
sition 2.1, the function u, should have first derivative at zero. This prop-
erty is not true for all functions in L,y;. In fact, we can choose v(z) =

(vo(x),v1(x),...,uy_1(x)) with
Uj<x> = O? j > 17 UO(:C) = X[0,1]<x)'

Then the function u, is discontinuous at zero. Therefore, S,; is dense in
L, but S,5; # Log;- Using the isometric transformation V' we see that

L3x (L) is not complete.
Consider the case when either A = 0 or A # 0, t(A) = 0. Choose
an arbitrary [v] € L,g3; with a representative having finite values v(z) =

(vo(z),v1(x), ..., vn—1(x)). Set

N-1

uy = uy(A) = Y A", (M), A€ Ly. (86)

m=0

As in the proof of Proposition 2.1 we get

R (un)(A) = v (AY), X € L. (87)
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By (17) we can write

Rva(uv)( %) = Um(x>v T € R\{O}' (88>
Notice that
Ry n(1y)(0) = 1, (0) = vp(0). (89)
Using (48)

aamﬁ——A;wga@(%zﬂxwax<vada+<@»D«»wnt (90)

and a backward iteration of the previous relations to (48) yields
(U, Up) M4 = (V,0)5 < 00. (91)

Thus, the function w, has a finite || - ||p,4 norm and from Proposition 2.1 and
(89) we conclude that [v] € S, ;. Therefore L, = S, 7. As a conclusion,
we can state

Theorem 3.1 Let A € Cx, 5 and M be a bounded Cx, y-valued measure on
B(Ly). The space L12\/1,A(LN) is complete if and only if one of the following
conditions hold:

(i) A=0.

(ii)) A #0, t(A) =0.

Unfortunately, the proof of Theorem 2.1 about the completeness of poly-
nomials in [7, page 163] was not incorrect and, in a general situation, the
statement is not true at all.

4 Examples.

We shall consider some examples of spaces L3y 4(Ln)-
1. Let 7 = 7(A) be a non-negative scalar measure on B(Ly). Consider

the space L? of (classes of equivalence of) complex-valued B(Ly)-measurable
functions f defined in Ly, such that

nﬂﬁ:L|ﬂ»&h<m. (92)
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Let us introduce the following Cyy y-valued non-negative measure on L'y

10 ... 0
00 ...0
M(A):/J;l S U uyran, Aes@y). (93)
A SRR
00 ...0
Notice that the entries of J, ! are polynomials in the variable \. Set
7({0}) 0 ... 0
0 0 ... 0
A= T (94)
0 0 ... 0

Relation (9) shows that f € L? if and only if f € L3; 4. Moreover, the norms
of f in these spaces coincide. The inner products will also be equal. Thus,
we can use Theorem 2.2 to study the density of polynomials. Theorem 3.1
shows the well known fact that L? is complete.

2.  Let 7 = 7(A) be a non-negative scalar measure on B(Ly). Let C' €
Cnxn such that C' # 0 and v(C) > 1. Consider the linear space WT%C of
(classes of equivalence of) complex-valued 9B (Ly)-measurable functions f
defined in Ly, such that f has v(C)-th derivative at zero and

T / FO) s
), /(0), oo FYDO)CFO), /(0o SN D)) <00, (95)

where, by convention, we write zeros whenever the derivatives do not exist .
Let introduce the following Cy«n-valued non-negative measure on L.

1 0 ... 0
00 ... 0
M(A):/JAl S T Uydn AeB(y). (96)
A .
0O 0 . 0
Set
A{0Y) 0 ... 0
0 0 . 0
A= , +C. (97)



Relation (9) shows that f € W2 if and only if f € L§; 4. The corresponding
norms and inner products in these spaces coincide. Consequently, we can use
Theorem 2.2 to study the density of polynomials. Theorem 3.1 states that
W2 is not complete.
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